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k SeiiVET W BERNOTILIAJi UTILITIES AW APFLICATICSS 

le goaaral latarogggbiga to fftiliigr gaeoay 

Id laforaal Desoription of Ptilitgr 

Tfce concept of utility has had a care&r In ecor.cairj theory dating 
1 

at least fsrcsa Adaaa SULth*   daring tfeo course of Tjftich it has -oBdergoi» asny 

isporta«& ac^aJlaations cJ a»aning0   Bafora entering into the d&tails of ti» 

specific forces that the utility concept bus t«kBn» '«e shall try to indicate 

th* rtacnacfn care of aseanlng; and the types of proo'Ieas ia t*i±ch this concept 

has baen uaedo 

Let k ho aa individual who is at a given tisa praseoted with the 

nscssaity of chooaisag among a eat of altcrrnatssBsa. S-jSg,,,.,^ •   fo t&ioe a 

specific OSCSJOIQJ suppose A ±r- lir» JOHO-D I&O is at the raarkot and i2 consider* 

dstiaTiuiited by   tb.9   VC*iUW   (XL   Miujit)  Cli£CiCuii/iCiO  tO hjju»      If the   y±-i03ti  Ci   t2S 

thrss alternative itea&. E- 5 5U- and 1U &ra the sffire, then t-o Ray very •Hell 

esrosct that hie choice will depend solely on his valuation of the cocsaod't.ties.-. 

Another terE frequently used for this subSectisrs valuation of the different 

alterae.ti'ffet; is utility    In tie oxarspio <jbo?os Kr« Jones1 choice- depends on 

tha prieas3 and on tfao utility of the iteats for tern,, and in the case in sfoich 

the prices s*e all eqaal, hs *d22 choose that Itsss tsLth the greatest utility» 

1. Seo Stiver* G* S„      [29] 

*2- 

I 
lag ^hieh of the folloiiiijg three iteas to buys a efeak.. four bottles of aiilfc-, & 

i 

oa- a bottle of ninea --/den arc E^jSgs and E^ raspecrtriaraCsys   To a certain ex* 

teiat Hr« fmm9 choice :rill be detenainod by the orices of the items, and 
j 

the aa»imt c>? Eoaey ha has, but to a certain er.tanii also hie choice will be 
- 

i 
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Tha exanple giran above in typical of t&a TSD& in Kbich tfea notion 

of utility enters ir&o = largo area of problems.   Tfefc.se ta'cSslsna all ir*?o!.vftfl 

iu one way or anothsr3 aa ©lament cf choic©;, reade lay one OP WOTS iiadlvida^Ls*, 

aassBg a set of several alternatives,.   It is then usaaLU^ a*sti5ad tSiSct each 

individual pwssar^sss a, trfcility scale by tiaicb. be ranks the altorcaiivsa 

according to jiraatar or lesser utility, and that the actual choice made by 

t*la depends in soae fised m& up en tfce utility rankings of the alternatives 

presented*, 

Wksn VJ esaaiBe cay original example Eiorc closely 9 as notice ocsue 

paints Khich. bring out corse of the sajor diffcrC/ices fcetaean va.r5.ouB ccs^- 

eopt-s <SP «Mlitya   V>9 stated that Hp« Jocee had tares s5.cta*tt'iti,!»-?isi to bay 

a steaks four bottlee of silk5 or a bottle of wine*   But la most cases., a 

consume? in not faced -rath that sort of? choiceo   Ko can usually^ uithin iiiO 

limits of Mo budget, bay all of the items.; or any combinations of thee fsaich 

suits bis f&asy3 OP QCXS at all»   Hence in ardor to take full account oi* 

too Jones* praffcrancos. *e *aaet include in fcLc cat of alternative^;, S7jf«ooEr)r 

all the available courses of acticn he- can possibly cake en this occasions 

In oar example;, then;, «3 s?nst include no'.-- only the utilities of steak5 mil&? 

and rains* but the utilities of steak aM Eillc., steak and KLBS3 otc<j   In the 

past it tsas frequently assusied by economists that in orde^ to obtain ths 

utility of a coabinaticn of t»jo itstB3s such as ste-ok end t^ine^ it was soffi~ 

cient sias&y to sdd the c^parats utilities of the itsEis arJth,?etically# 

?hie particular as;3UBSptit;n implies 30B9 rather special asstaiptionij abodt the 

W nature o£ an individuate- utility scalos«, an3 those w&e inoreaaiEg:l3r criti- 

.i;jjjd   '.»e*3   A«a.mifcJ^y    ci^;i:r-'.vi»u.> 

• 



TWO sasp&a H-SSS^SLUSW should be enough to con*rinoe the reader ibst. at least 

in car*-*k4n cases Htol& topci'.heaia Is absurdo   L»t it be req sl^ad to find ttee 

utility cf a eaabinafcioti of a phonograph esd » <ollecfcicn of recerdao    Clear- 

ly this canno* be the Bias of fcha ir^llitiea of the phonograph and records 

separately.) for each without the other has 00 vslofto   In this* case "«• vaay 

.•"?«7 thsi vise two iiens cenpI«K&nt each other?    In other cases pairs of itsns 

any eaagwia "i£i.ih ««wai other,, au for exansple, —;•*.;. et*-sratebas and pocteVvatcfcscj 

that is5 the irbilitgr of ihn fcvo together way bo leas than the at&K of fehoisr 

separate utilities*   Kunh controversy on the patvt centered in attaints to 

ctofine independent set.; of cflnEaodlti3s3 thai ies seta of caiEseditiss for 

«nich thu utility ei' s cuwLination is ths &m of the utilities of the elQ" 

iraents of the ccafcinaiirnj? 

A second essapls contradicting the hypothesis arises >£ien the cos»=- 

binntion consists of a n'.Hster of units of the esae item3    tfeder the hyoothesig 
I 

of odditd1"?? ltiiities., the ability of a leaves of bread naist be 

u • n +• oo» + u (n taasao) C1 nv» s*hero u is ths utility ef one loaf of bread© 

nOSSVeXTg ruos'i p&aoie soyid deny ^hax. a toiousaau loaves of bre^-i axe 3, tftw- 

sand times 83 valuable Lo the* as one loafo 'iTiia exaEipio is.- of course^ a. 

special &ut*i of cccgjetiag ccpsaodi.tieso Hex-** the loaves of breads like tS» 

srist-^watch and th* poeiK;t- «atoh? coopeta vrith each other in th* sense that 

one5 or at most^ a fo» loaves of broad satisfy thia customer's neodss and UK? 

reMainder ha?e vesy little additdciial utility* By applying similar raaseaiflg 

to the deasrrit; for all coaiaoditiesg eeonoarisis asm led %o the priioiple of 

diminishing rsnxjgimB, ctilitys th.icn has played a praccineBt part, in the classi- 

cal analysis c£ essttinssar behavior,,   Ths. priaecipls of diminishing ssarginal 

. - 
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1 
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utility states thai, tte utiliV increase vita oaeh additional anio of £ 

given itsa besssw smaller the ia?«r thsa total ascunt of that itaw already 

present*   While ^Ms fen^iL««>icsi. c£ the prinoipje is q»n to objections which 

Kill ba brought out latex- on., it can be z*cfonoulated t° TSWVL thea and yield 

aBsvitrical implications in a field ohich is 0tbe3nd.se rather barren of ilisssw 

Going b.»ek *» Jonas agnin5 tss specified that his choice depends 

p&rtSy en hi3 utility scales but. partly UX*JO on the prises andon ho» Each 

aensy he has<»   A:J IOI^J as we do not specify precisely how his choice depends 

on the utility seala* we have a theory without predictive valueo   In the class- 

i«a! theory of ccnsusier beQavior3    the consumer vss usually asauwsd to spend 

hie money in such a -day that the set of itw Gurchaaed had ihs greatest 

utility of ell the sett' of go^s which could havs \xxzn purchased within the 

caotoaar'e incase at the given prices*   Thus^ in the classics! theory three 

variables sera involved; prices- ntilities3 and incosaOj and it raas the task of 

classical utility theorists to discover how chasgos ic argr cf these vould 

affect the ccasiEer's buying patt4ma   It ic possibles and it has been done 

by nany scdern theorists^ to take a different tacky reducing the set- of re3©« 

vant variables frcsa three to tsro*   igaln the ccnsuasr9 or any agsnt confronted 

with a choice^ chooser among a eec of possible alternative ooorses of action, 

vhic-h nay- ae before., iueluds burins Litcak, itdlk? or wiaSg   However^ in access*' 

ir^r, the utility of a particular alternatives- say buyias a steals, be considers 

tly> utility of the entire act of purchase <,   This -includes net only receiving 

the steak;, but paying over the price dojaaoweuo    Tha difference between tSss 

KP? tsfo types cf analysis lies in the fact, that in tho first case* the v&luataosi 

1„ See asmueisou^ f.-, ae    loj   ppo yu-ozu 
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of the particular alternative9 depends only on the individual* 8 lik3.es 

far etesk., iftareas In WMJ inecuu case his valuation most Incltide both his 

expected eati3facrfcioa from tho steak and bis valuation of the moaegr to pay 

for it0   Sherefore the pries does not outer directly in th« second caaa as & 

variable uhich totorcdias choice» 

Cfcwiously this suppression of tha vvviahlcs of price &nd incomes 

dees not simplify the problem of esplcicing and prcdictir*: consumers bshaw. 

Jora aaoc© thesfc variables stall affect it5 only now by -aay «f affect-iisg t&o 

utility ggale ?.t®^f5 which is tho ether asalysis had bsen considered inde- 

pendent of priu© t*8rl inccsae0 

Our ;03WGalaticn of tho problem of choice has new reached subets^Si- 

ally tho staudsrd rwdarn for©:- every a "dividual has a utility scale by Touch 

he ranks all things; snrt •ssen presented •sd.th e choice areong a sat of posaibls 

coursas of action, he chooses that altsraatiTe which is highest in hia ufcility 

scale o 

So far eu:' -jiixussifn has shown us that ere of the tsajor differences 

between various utility concepts :ties in the typs of entity aiich is tak&n to 

b?? evalr-fitsd :ln tls? isdiv5<*isl'B nti.lj.tr scale~   Xn cur original eaasole* 

certain individual itess of consumption ware ranged in order on Mra Jorss1 

utility seals*   Hcw?vcrs it -*aa found nocosesry to include not only individ- 

ual itsanas bur. also all aie possible ccsajin&ttons cf the basic i.tesss0   Jjaier 

it was cogsee^ed that the alteifcativey ratik«d should bo nob simply the possi« 

bla bundles of items to be bought^ but the total value of tho traccactious of 

buying ineludJng the wlxza of the momr/ payatrmt as well.,   Thsse three kits??; of 

altensxtives rte nst exhaust tho >;-o»3ibiliii3s,?   If a theory of ehoice ia to 

' 

! 
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©ruoppA&s ©bcaass siwiB Is #02 S3.tuat»lcns9 it rsmrtv inciwis assrg t&s ^ntitiee 

racfea all the kittfe of altexnatvivea tdiich rary b?» encoontersii by an iadivM* 

ual in the process of leaking a docdaiet*.   So far « hav© stationed only tfa? 

iaSivitiafil n&dag decisions in his capaci*if as couffsswro   Bui of course 

individajujj »aks» <isci£-iuao in ether than buying oit^tioasj &*>i in BUttSfcLcaB 

vast* the* easchssge of money HB only an incidental feature^ sucfc as Kheiaar 

to go v,o f, SKSVSS or- stsy hesae and sorko   Is sosa caaes- it sees® raasonabie 

to consider asi the alternativea to bo ranked not the particular acts which 

would bo carried oat as voe consequence of a decision bat the ratore histozy 

of the individaal tiiich ho expects to bo consequent on bic decieion*   For 

Gsanmle^ in evaluating the utility of a bottle of mv305 the intiividaal isoold 

consider not caly bis liki^ for vdne^, but all t*«? consequences be eonsictere 

likely to follow frcm its posxtosu&t,   Of coaysa. this shift fraa oonsittesing 

not only the injmediate os.-sequences of a decision but all tfes eapecfeed sea." 

sstsafinees tftrcsgh tiise is only a chansp of tsrsinolcgy;. since most people 

tacitly in&lude these in deteodalsg the utility of an altaroativeo   Scaa 

such considerations asist be involved in the calcnaLation of t>e utility of 

losing a dollar in p"y*r£ fcrr /»mr itaaj  sincn for coat people tha TOIEB sf 

si dollar lies only in siat it can be used for»   Talcing the set of alternatives 

to be passible histories ra^phaslsss ilic- fact that the utility of s^r nsriis= 

nlar declsios. <*3ipends net only OK tie act c£ biding or the ierasdiate aatiffifac- 

«ii*s; of the jaarchasra.* bat on all the conec^y^aees espsetsd to aeor.iSi ftaa 

ito 

Frcn the consideration o*r histories as rtusYoei alternatives ue 

are lad to consider still encther kind of prospect: alternatives invdwiag 

uncai'tyaiiatioss probdoilitiee- or rietea    1SS in evaluating the utility of 

say., braying a oar., a pertjcii »ast v*.Sc3 infec &ccouat aQU the consequences of 
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ibis por'jhWctQj h» tw.at consider & raster of possibilities « such us bearg 

isvolrsd in various accidents • abcetfc «Moh ho can n*&» no certain predictions. 

PfcruiculsrV clear--cut exass&os of risk situs&oos arise in gambling in iridxia 

all tbs pr<>babilitias say ba known exactly.,   Suppose that, a ran is trying to 

dedan whether or net. to bi§' a lottery tidsat coating om doU^r «i*h ps"€*?a.^ 

bility   -<   cf wtnrrt*Tg a dsOars am probability l«*t   of losing the dollar 

be pays AW- the ticks*©   He BRiert then ocnpatfe the utilities of tao difforegfc 

fixtures in his effort to decide whether or not to bmr the ticksto   The futura 

isivolved in not buying the ticket ia certains at lease «ith respect, to the 

outcast of tho lottery..   The future involved in buying the tieiajfc is an uniST* 

tc&n combination of fcae> ether certain futures$ the future consequent on losing 

t&t dXLIsr ami the cue. ccaseqis?!!"; on virgins tho a dollars* 

The I&elusion of urccert2?x> futures r.s ^sll 5s csrtsin onas among 

the set or prospects or alternatives to isMcfc the iuuividriai assigns utilitiRS 

tjcoid be of iittls interest iy©ie it not; for the fact that "agrii^ sows vozy 

plausible assumptions^ a veiy siicrlo relation may be established between the 

utilities of sore iuGure prospects and the utilities of uncertain ccEbinatioas 

*t*A       •««'!».      «'*VJ.». .^,^0135 1'JiWiU      UUWUU     umJUJ^VitWUVJ      *3 V     A. v^.^.---    • ^,      «|»M» w      UMw        -        -' V       S^. 

a combination cf tt?o praspectSj E- and Eg mth utilities u. and tv, respectivEs- 

!y9  CGSibiiuttu ;liiiu a ^-Li^le uncartain p.rO;Sp9Ct Of ii-j  with probability «*   *iud 

Ep with probability £*<*;   ? is siinply tho aspscted value of tha utilities of 

these p?GBp&3r'iBt   *t tv * (1" «0 u^c   Etiliiy scales Hhisfa have tite prcjoeycy 

that the utility of a jsr-dbabjlity diijtribution of surs prospects is the ex- 

pected valae af the utilities of those prospects are called Berwuiiiag. 

utilities aftDr Daniel Bernoulli "Eho was the first to iaafco such an asst835>tion» 

Tf^raughoirb the forogoirg diecussion3 we have assm>:-u that tiso ageno 

confronted with a decision is a single person*   For pspehoiogisai reasons^ 
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psrheps^ it s^egffl n^^t ^nason&ol© to «pp!ly utility tfccorioc v$ jflB&yiLtoaile^ 

since us feel that wo hove scaae insight into tie procaus ex daolglan asking 

by th*a9   There iss howf!W8 uo logical reason why a utility typo <f analysis 

cannot bo eatteaited to other typos of egents confronted with ths necessity of 

•aktag decision.? such a3 <a.taieo? buEdaaes enterprisae5 and govermsate*   Is 

the tteosy of consumer bshssriLcr, ths basic cengcsssr urn's far aac> ptepcaea ±& 

taken to be not the siingie person but t*© household he sepreusstso   In this 

case? it is appropriate to talk cf the utility seel© of the hcosohdLsJs a&d 

of buying to la&sdaise tho utility of the household within the limitations 

of the household's incoaso   The fact that wo assign utility scales *o crgani- 

aatiens oca$>o3od of aarrj people ifeo trill in general henre utility scales of 

their own brings up another prcblea tfcioh. t*e only asntsAxa here*   This is the 

question of how tho utility ccale of fin aggregation is related fca the utility 

scales cf the individuals easposing it» 

Let us ren&oiiulate our utility theory and sose of its related pre- 

bleaso   The theory irr7<£tves an agsnt5 k3 confronted with snaking a decision 
j 

saeng a certsin set of possible alteratives., S^9«*a3B^9 those beicg variou^y 
I 

interpreted as actions cr as the ootcones of an ast-ien» A ranks the alte*1** ; 
i 
i 

natives according "bo a utility scale* and selects that «lih the highest u%£i> 

itye   Wo have seen that lie individual -j As ssy stand for different sorts of | 
i 

einaties*. both huuau oxal Sss^itatisasla cssd that ths &zt sf £lterneti'?esi 

E,,oaac.E_2 V*Y also bo diffexent3y interpreted in different types of utiii'i.'iy 

theory-.    One farther quentica? not so far raised., is -chat shieb asks whwt 

sort ef thi;^-, fcSe utility scale is<> ' 

V-~, een go O^EK ciiattuio'S is r>ur assiisr to tho last question bsfore 

arriving at- the limits of contrsrorsyc,   Again., let A be an ag«nt confronted 

w»wi! mmmsagas^^msmi^es; •-_rm&-jmamBm&p*w^-~ 
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vith a decision sraong alternatives £,.£.-,»•«•£..«   *fe aaaume that A ranks 

the altornai&nro in SODS nawaer by preferescsj that is5 for a^y two altear- 

aativesj, Ej a£d ®.s* A is able to s&y eitkar that he prefers Bj_ to E. en? 

E. to B.8 or that hz is indifferent between thrau   one condition placed en 

the utility scale mast certainly bo that it reflect A's preference patteraj 

that is5 if one alternative is preferred to another- t*a first nast hzre gre«w» 

er utility tixsu tir-s 53Cond3 and if the tno alternatives a» equally preferred 

thedy ircilit&es wast be equal©   VAJ can fozroali-28 this condition by saying; 

teat a utility «cai9 is? a functionj, which we designate £} '^nioo is defiasw 

for the mh of alternatives E,5«<vo3E_, such bhst for aD. .1 • ijaso.n.    ti(E,) 

is a reel oimfoesfe uaS Tahich Kasrt satisfy the following condioionr 

(i)   for all is j* - l92?3o«3ad 

u(E5 ) > u(£-) 

if end only if E   ia preferr<io; to E v    This condition sisaply states in a 

fGrsisl isay tJtsafc the utility £\iootion9 u3 reflects the individuals prefer- 

«»»o scale- 

S»r« is so osntrenrapey in the characterisation of toe utility func- 

tion to thit. points end it is uorih pointing out that oven such an igjparontly 

trivial cora^***!" as (1) has aoao cspirical com>squ7Jncuso   Tho aast isapwtaut 

consequence is that ti» individual's preference ordering of the iiilternatiTes 

muss be i.rffin&LfcitfOj iiC>s if 3.- is prefer-Ted to E- and E_- to In., thon E.* 

wnst bs preferred to Z^» If tliis were neb the caste5 and there ousted soiae 

"preference circles" such cs E^ preferred to S -9 E. to S^* and Ej, to E^9 

then no function u could exist satisfying conriitim (1)„    The requirement of 

transitivity is often -.raCerred to as the rGqutroaont of oons&gtgnggo 

Houeve?9 requirement (1) is rather weakj, sines if u is any function 

satisfying (1)» any other function vQ »*iicn satisfies tho condition that- 

~mmmmm»i?&*sm*!m^w*^^ - -• 
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res* all z and y? 

(2)     v(x) > v(y)     if and only if u(x) > u(y) 

sis© satisfies conditicn CU©   ?hu85 for SESs^ley tbe functions 2aj, tr* 3» 

and eu also zatisiy cwaiition (1)«   Any ttro functions satisfying condition (2; 

ww said **> be aonctcirksally related, or one is called a issnctonic trans» 

fflaraiatiojt of *he othai-o   Condition (l) is sat&atted ay evexy aonutuoic trans** 

fessation of a if it is satisfied by a* and w? say tijat cozui',Mara (1) dafiuas 

a utility function uniquely only up to a raOToiacdo trans&xira&iono   In generala 

if a condition is gbrzn which defines a fono&ion, aa only up to si zsosotcnic 

trassfoTeaticn* the only thing of significance about the veltiec cf u are the 

relative ssgrituuss of u(s) and u(y) for aq? two argumantSa z and y9 for 

Which the fucctic-i is doilEscU   The ebBolnto raagnituce; u(x),. or t&e n>«eeriea3. 

veius of the difference u(s)*n(y5 fa geaarally without. aigoifican«o5 since 

we can alasyc raplaca u by anotbaz' mcncuoiricslly related function v and hsse 

v(?r) ftjjd v(x)~»(y) apaca arbitrary values (ao locg a» v(ac)«vGr) has the 
i 

case sign an u(x)«u(y)(>   ThroogAoat the history of ocono3tf.c#5 othw? concbLoioas 

haws bean plrced on the utility function, but condition (1) is the only one 

on vtxich there has basi gessrsu, a&eesTEsniio    TiiOfre econcsisjiij «ho cases to be» 

lace that (3.) is the only Ecaningful condition to be placed on the rrtility 

fuasfeion 35ZS: oftsn lad to the conclusion that it iscuXc TSQ bsttsr %o discard 

the utility function entirely, and »ork directly with the individual7 6 prefer- 

ence pattarn* nicoe the utility function fells us no moro than tho preferoiKiu 

function and has tea psychological disadvantage of appearing to contain KOTC 

significance than it actually hac.5    This position known as Oydinaliaa because 

it holds that the only cign5.fica&e9 of the utility function is the ordering 

it assigns to th3 alternatives according to their utility vclueso    Contr&ated 

^x!s<ivssi9^^,^i^mi^im^m*SSh: •••? -^eEg?flBWWS§igff^agSSSSS- ' rm—ii IIWM~ TIBTIFI— -• 
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with the ^ordinalist school' are various "cardinaliet schoola" uhioh by plac- 

ing additional restrictiOEs en the utiiilsr function* ara able to do£i*» utii« 

iter functions idth wore significance than tha Grdorlni? they assign to t>« alte«*o 

natives* 

Because the utility ;£uncticns defined by different aets of conditions 

often reses&le each other in nafchorzatical respects, it has soneti^s been 

maavstaa that the functions dexinqd by two different, sets of perditions are 

the S3s©a    Logically there, is no voacon tdiy this should be true, and if it 

is trua, it stands in need of a rigor ess justification t&ich is not usually 

giw9n„    This last rerKtrk t-nll be aoplifi^d belo*-* 

the early 3eoncniist3! ossiarptior: that the utility of a ccsbination 

of items is oqusi to the turn of the utilities of the iteras XJCS ssatiosad 

earlier*   We can «9xsra«9 tfc&s sssiaiption i"j taxes of the utility function* u5 

as follows:   lot E-. end E.3 be tso dLttinct consumption items* and let 

E-x£. be the item vMch consists oi E.; aca B- togethero   Then 

(3)       uJE^) » u^) * u(S4). 

Condition (3) on the utility function is clearly nrauh stricter than condition 

(1) in the fjense tnat many ftoctioaB yJrLc'i satisfy (1) do not satiety (3)» 

The general problem of dotemriainc the set of facetious satisfying (3) is not 

CQKiplat&ly 3<ii-wed5 hftjever,, «ito a few additional plausible assuu§>tiOES 

(including condition (1) it can be shown that the functions satisfying 

these assaoptions axe unique up to multiplication by a positive constsnbo 

That is, if v. satisfies theae conditions^ then tbc only other functions v 

uhich also satis**'' these conditions cast satisfy tho e^M^t-ion 

(U)        v - ia 

for s«ao positives nuaToer k» 

' •^^m'-^r^^mai^xmmm-smv <9»<!J.«SifcJIMM 
'JlSRlWftfW*"**- 
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A «?fc of conditions &iofc nwrteif* tfcn utility function so nar- 

rawBy as thosa satisfying equation (U) ODOTT!* are said to yisld a cardinal 

fcsp» of utllifcyv   A parallel exsqxts of * cardinal neasroa :LJ the CME© of 

ssasuraaws* of physical nass, la wbJci> ths setsai value of the 

rawxt lor soy particular body i» datertra.ned once & unit of asasanesnb is 

fixed*    Similarly 9 undes5 the condition© »»"«wiBu abcra, the rooasarasoaisfc of 

utility io uuIqasSy determined once a vuait of neaaurosient (often cell-s-i *. 

trfciie) is firad on*   Host of the early economists assumed that utilities* 

lite aost of the pfcysie-r5. •?fisnre*i»nt8 knom to tho science of tceir tiae* 

uara cardinally measurableo   From ftteLs assiHaption it v*as eaey for thea to 

tafcs & stall farther step and assist that the utility sjeasures of different 

individuals «ere coESjarablCa   That is, it >330 assuEad that it is meaningful 

to apeak, far QXSSplGg of a givsn alternative as ii?^i«s twice 88 ZZJ£H trfcUiisr 

for individual A as for ir»s5i?idE>s2, ?•-   Under a utilitarian srstsa of oihicsa 

is Kiilerb ethical good is baaoci on individual ufciliiiisfj., the iutsrpsrscnsl 

CC^arabilitSf of utility scales tcraiLd raicc it possibly to cuafeiiio i«ii» utilitlss 

of individuals so as to obtain a total social utility which ccuie. be raado 

the basis of social policy socoass3ndat:*.Oi-c„ 

Ts&s last ^ulieatica of utility theory •*"   ^V-"-* V   i   *•«*•»•-- 

wGlfars ggoaegjess which is that part cf eccvncaics fihich 'trfces foi? .'.to 

task the reccsaaendaticn of social policy in the eooncaiisC sphere,,   Because 

of the utOiLLsrisn bent t»x pravailiBg ncK-i^i philosophy in England and the 

Uoited States* theories of welfare ©eaicraics :i,n these cnurrtriss have oftoa 

been b«scd on an undsriyizig uklliky thtjery* 

Gn page 11 &*"-iwer, -;r3 alluded to c&i'taiu ccLiTiciiltiea in defining 

a social -*£&LZ&TZ Sxmzlics. based cr» the cai'diasl utilities of iadividuaiso 

> 

I 
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• 1. See e0gos tfiskroy    [30] 

•'•^^^lMWlii1?iiiiBlii"ii'iiiiiiiiiiii'ff."":—y  •&±»sar'z,*manfmiBW''.iii,. »- 

W In gfsaaatsU-, cardinal iieasures rasy be dafiasd in ssvoml ways* depydirg 

en what Pwroitiona the utility function is expected to satisfy*   A» we hero 

a*»dj condition (3) with a lev additional aaeuogptions defines a cardinal 

aeasure of utility©   The general theory of utilities with risks, leads to 

another eardissl ssaasureo   Which is to be token to be in SOBB sense as the 

measure of th? la^i^itftKi'S good9   One should note co reading over the «on~ 

dj.tione placed on the utility function that these do not r^cassaiaJy gaar-*u±w2 

that the function satisfying the conditions yields a true Eeasore of the 

amount of satisfaction vhich the individual expects to gain from tna ranaad 

alt&jCiaativoMo   The possibility that a given cardinal utility Measure nay 

not be a oeasure of the individual's good has been grounds for cadtdcisr. of 

max^ proposes cardinal utility Sft&aureso     Uf course this criticiga would 

be pointings if the cardinal utility in question ware intended only to 

pradict the behavior of indioiduals^ or to predict general consumer treads? 

often- however* tins main reason for constructing cardi^i utility scales has 

b*»en in order to use them as a b&sia for policy rccanssendations* 

Other schools of self&rs economies attsspfc to build social policies 

on ordinal utilities alone«,   A rather simple use o.? these in this connection 

is in votings in which- in its sizsilwEri £&£&$ eaui individual indicates nhlcu 
- 

of two alternatives he prefers*   Gthe? more complicated ciefcesas base bean 

considejwd, whlth will bs discussed in section 3<,   The question of too 

legitimacy of Gssparing ordinal utility scales of individuals may arise here 

just as it arises with x-nep-jct to cardinal utilities o 
9 

¥s have now briefly outlined the main ereac of applicaticu of utility- 

theory* CSB area involves the problem of eaalainin? and predicting iadividuaL 

. 

KffiEnsZBVtlBUnii--"?-^ * 
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lo2   Famjli'gRtion eg gtill^ jhoog^ 

\fe havn new reached a point in our discussion at *jhieh it aay be 

profitable to introduce a few fornaX iaatnGsat-ic^. notations for SCOBS of the 

» _ —...» *.  -. .t. _    —j»  —t.*^-?.*—  .*.! ^___ mt_ —  —-« }M.       ««i«*    *_—.    *, „ -   A.   *__ 
iEl£XJ.'.'W«4it>   vwia^spiw'   Vi    V.'.rJ \ AyJ/     tiUCtU'^o        1UU  iC-iW/J     Will     L.-J   ttOOUiltOU    u»  v» 

familiar mth such GleBerrtary xsatbeoatiesl notions as those cf a ect^ clans 

usidserahip rel?.ticnd function, real numiber^ and tfe© standard Bathaaatigal 

notatione for tfceso« 

We shaD, be eonoarmd *?ith the utilities and prsfsrancao of one 

individn&i©   I sill denote tie set of altsrnativss tibieh are ranked bj tfcs 

T"V-?«.A"-W iiin^iiiifft'.V^S^it 

behavior in ehc&c* situatiofto on the assaBptiea that this behavior is in accord- 

ance -Kith a utility scale*   In this area i» ixosittdsd a variety of thees£es 

which ar& roughly sobdividsd as ordinal «ad cardinal GGS&WJI& to the oondfc> 

float they piece an the utility fondAon!?^   The second wajor arsa includes 

application to prehXeess involving the aggregation or eoapwrigoa of issivi^el 

utilities*   In this area too, the theesles may be based PQ either ordinal ©?• 

cardinal uiilitias-   A second teay of subdividing this area is according to 

whether tte theory is narrative cr descriptive*   Welfare econcHjoa. as a 

Uaeory providing regulative (iao*> r.ctrHafcivc) principles, falls in the first 

of tfcecs categories*   Until recently welfare economies xsxc ths only dduBcirliiro 

making use of utility in this area*   There ore ncw> hoaever9 r.oue theories 

tfiiob falll into the descriptive category of this second area*   These tb&firies 

atteopt to describe tb.« way in which interaction influences utilities^ and in 

tiiat iwij utilities of iodividosils ssist be aggregated to form a group utility 

sssctirsg certain specificis.tiQns«     This repes't dssls Htth utilities of Individ"* 

. 
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x >  y 

raeaas -ihat tfce -JrxSjr. dvaX eithssr vvrel s^s s lo y ^r is indifferent betwse-i x 

asd y,.   Hsr-ceforth x > y HO.1 he ?aa*! as •» is preferoad or Indifferent to yo'; 

We bsr.ro takoia a» selation oc? p7,e£i'iSiiao-6r^indi.i,fer®i«;tJ as basic baca«so boil* 

the relation of prof Irenes asi tko relation of indiffersaco ars d&fiEablcs in 

texsia of this OOB reTatioa;   R  o    «fe   ~ofis»s tbo indifforoaco relation for t&a 

individuals deootsd    !5.-«^t1   ss fcoicss;:: for all x and 7 in X, 

(6)   3t<Fwy •» ^ r > y cad y > x«> 

The pr^fs?£sce ralsfcLcna    
a > H io tkiLicad iu tewes of ;| >,:    aad "<^" 

for ail x end y in S: 

17)    s>Ja g£ x> y and GOT x^wy**1-' 

Finally, ;,a{ denotes the individual8B utility funetlcao Th*m;, for 

all x e K,-u(^;) la a voeX rssiber,. 

WJ. utilityo 

1 
luU-vidoale   PrwioufOy no have denoted tbs altflroatauosi? by Bj^o.ojEj.* how- 

ev3r5 «3 co not vish to limit tfcs alternatives to a finite or even coon*ab3y 

infinite nta&ero   In ease wa w*»«fc tc include probability distributions off 

wise altemati7B89 thsra nost be a ou^tdncnaa of al-ceraatitess therefore E 

is an arbitrary non-raigpfcy aato 

The individual's preferences^--InJifferencw relation is dgnofeed by 

" > tt     Thns if x and y arc elssrjjite if E.r thsn s 
s 

s 

(1) This is raad:    8x is pre.fsrrod to yn and neans tfe? individual elthsx1 

prefers x to y 03? is Indiffer&at b»fcr„?en t.ha% bat lie in net indifferent 
between thsss sr in the cispllffysd readifigj x is pge^BSped^ogtoj wii gflMssafc 
to y, fcg* K is act iadiffarsni to y.. 

< 
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Vto are non ia A position to restate fcaraaOly setae of the fundamentals 

«f utility theory;, and soeso of the d*£lnlag features of it3 rTarianto*   In 

'tis© tiecary of cocfrEsr bPh»re±or with ??Meh ue beg5*n car discussion of utility 

theesy. as en concs^nad with a single individual*   It :ls t3rc«3 that- in cr£sr 

to he useful to econoErdcsj the consumer theory ssost bo applicable to a largo 

Esaabor of people- inst in this cas? orly an a statistical aggregate of the 

behavior a;.' independent n^ents©   Therefore* as a first »pprca±a&tiona the 

prwalaa of predicting: the behavior si' an individual ia solved for individaaL, 

vho are aproned to act independently;, and from thsBO the consumption pattoiras 

of the coKsairatfy STG derivedj using suitable assumptions about unifcraity of 

individual tsstes? 

Differences between approaclies to ccnsusE!* behavior appear in the 

different tjmas of entities taken to bo nsitibers of Kc    Each interpretation 

for thg class 5 leedg to a different t^e of utility theory*   Below are 

j-isiBd % di££8S'S2& i:*-to*s,yr3taticu- of S- and ;"•"*•* indication Q? the tr?*?" •*? 

theories with ahlch they ars associated.. 

(a) K is the set of caaaaodity bundles.   This leads to a theory based 

on indopesdsnt variables of pries ana incosiQ •sihich together detenaiaa the 

sat of posoSble slisraatives frorc Which consumers .'say choose*   This is the 

usual interpretation in the classical theory of consu&er behaTicro 

(b) E consists of eeranodity bundles together v&th their prices.? 

No existing theories are based directly on this interpretation-, but this is 

an intervenizH' staj^j between interpretations (a) and (c)«   A consumer theory j 

based on Interpretation (b) -jould bo such like the classical theory; in facts j 

lo Se9 far e:saznjpiey Sassaelsonj    [?$} y>- 99 

r 

clrsssical t«8ory con bo interpreted in tl.de wsgr-i sshsro the utility af nicnsy 

is includes* isith the utility of ai^y ccranodity bundle to defcarixuis its total 
n 

utility*'1'   The coace-otual difference bR-iracn (a) and (b) is that in (b) i»e 

I 
  -i 

j 



47- 

* 

consider tlip total utility of any alternative act- which, if the act Is 

buying includes jpa^nant of the pr*cc< 

(o) K c^sists of total histories espscisd to be ocuseqoimb oa esy 

given decision,   2» only difference between (b) and (c) is that in (e) 

attention is focused on t.h« nengequsncee e£ the decision, and in (b) «e appear 

to bo concerned u3 SJ-i the decision itself*   VJo would «zpect that the utilils' 

arrived at in esdi 'iase w^Jld bo t*«? ss?-*?3 ghether WR vmTo to ^oujider the 

actual decisicru or the coiiscquoncos of tho uccir-icoo 

(d) K contains* in addition to euro alternatives like those of (b)5 

«rdbabi34ty distributions over these alternatives,.   With suitable aziass3 

this interpretation leads to the theory of Boraeullian utilities nentiorad 

on pe®3 To   fhis tfe^csy is then -used to bscale probieas of individual reac- 

tions to risk, such as in games 3 gaabling^ and purchase cf insurance «> 

(e) K woataias histories as in (c)3 and pyobebilit? dliitributi^sns 

over historieao   Like the dxf£sra£«* between intc^retatioas (c) and (b)s 

interprel^dffiis (e) and (d) dc set differ as iszeh in content- as in ssphasls* 

III parts 2 - 1} of this iispart tjc shall bo concerned p?ine3|ial2y 

with theor;U»j? of utilities iirsdsr riskj since -*o are *aitting the classical 

theory of consumer oohavf-oro   VTaon TKJ ccao to uolfs??. economics-! ye shall 

siic^'snter CMJI other interpretations for the class K* 

An we havs ased thesri so fa?.*., the preferencs^and-indifferjaice raXa» 

tion and the derived preference relation have been nothing bat stepping-' 

stones to fcts» <l»finition of the utility ftaactian5 sisc-* the utility function 

tells us at least as much about the individual's preference field i\s does 

the preference relation because of condition (1),  (p.i^c 9)*   Nevai'thelessj 

«c have pointed out "oiiat the relation R c-sist- satisfy certain conditions in 

" 
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orccy that thwre exist anp utility fusetlcsi, n5 which satisfies s-jfHtitioxi (1); 

One <5f th»s» conditisss on tba relation > is the raquirw&eafc pf nflradjrtanBy 

ssntiened oa page 9<»   This reqniraaent can be formalized by the cosdiftiaat 

that > nast be a gggfc ordering*   In order for R to be a weafe ordering} it 

mat satisfy the tao conditions (8) and (?).- 

(8) For all x and y in X$ either x > y or y,^ TJ 

(9) Far all xs ys and a in K9 z > y and y > z Sagsly x > z. 

The condition imposed in (0) states that > 1*\ o. eonmetgd re&ationj in noa« 

forxaal Isnca-ige*, s. connected relation is one snch that for a«y tno it«E9 

x and y9 either x ?«^»ndis in the gitron relation toy, ory stands ia that 

relation to s5    fhe raqtdroaent of cocneefcedness then simply states that 

for aiy two alternatives x and y3 either x is preferred or indifferent to 

y or y io .gsrcukesssjc' or irvjtlfferent tc xa   Were this condition &5t bo hold, 

thers coyld he t*?o ^ieynativQ" such tisat ^iiSse? vaa "praforrad to the other 

and which a^?a yet not equally preferable*   We wooLd aspect that elternativaD 

are cosparabl25 and lisiioo that > satisfy the condition of connsctedoasso 

Condition (c) is called the raquireEoni'. of transitivity, alrecsy 

mentioQsd above0 This condition^ too, is one «hich we would expect to be 

satisfied by relation > • 

Ths dsfinltictsj (6) and (?) of tho indifference asd preference 

halations together rrith fee ccnditiccc of ioraxjctc-dnesr? and transitivity 

logically Isiiy conditions (10) ** (Hj) belotfo    These conditions are listeu 

to ijhsy that ftfas the definitions and conn3ctsdnsss and transitivity follou gr  ;uuu< 
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(10) ffor aLl x and yinSs erectly o»3 of the following holds: 

x > y, x^y, or- y > x > 

(11) For all x. <sud y and a in K, 

x > y   and   y > s   anply   x > 2 = 

C*2/    Fcr ell   ii end ,y  iu a= 

x~> y   aaplies not   y > x. 

(13)   For sOl xj ys aud % in K, 

x *« y   antt   y /\» s   iiapJJT   x *v» &» 

(lU) Foa? all x and y in 55 

s<^»y implies y<v x. 

The reader can MM&ty verify mat tfcesa and othar conditions xtfjlch hs scald 

essect to be satisfied by   > f   > g and -v do follcs free (6)5 (7)- (6)5 and 

(?)c 

Condition (S3) is cosoxving of soecial attention* This condition 

implies that fcr any sequence of aitoraativos,? x^u?***,^ -j such that thP- 

relation o£ iadiSforencs holds betsaon any t«o succeeding pairs$ that io^ 

X Orf S.    i - Is 2P   »e»9n>a3 

it mow*, f 6Hr*» +<hat tho first stands in the relation of indifference to the 

last? x,sv-s o   It is ^asy to imagine a sftrruosc:? of choices soe'a that «© are x     n 
tinsels t-o discrlminata between any two succeeding ones^ but for imich W3 

ifesl s. ditrcsxKit prozeroiiue *CQP o«to of tlis exfcreiess cvoi" ths Gthsr^    This 

situation is analogcrj-- to the cast? cf ssacs Mea3ureinsnt3 iij asans oi' an equal 

arm balance*   Equality of t&aa of tsjo bodies is nsamlly operationally defined 

fcc SSBG that tdia balaiica ra&ssins lovel efceii t&& tso bodies are placed in the 

balam'te pans*   Ho balance is perfectly scssitir?,. hr>~?-^^ aad *>e may na^e 

| 

I 
i 

' <flWWJl3apa»wu.-i ..f .••I*M i-f^raT^jgjjriiiiiritwp-Wj KSOB£W«l»>fV . 
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of wrigfcts K,,.a,9n each of which differs in weight from the 

Sdj«SSQ& **"* by e© anil SO amount as to te unnBiedLaL>lo wu the balftitSSj 

bat for which tto axuroRes* i^ and :^, d& differ detectable-   We nay adesife 

os» of two attatomee towards sea? theory which wLli alls* us to maintain it 

ia spite ©f its apparent contradiction of tha facts*   We may assets® that «<w*a 

though tiss theory csss not fit reality osactly, it is a doss enough epprexi« 

nation to bo uaaful»   Or we say assume thai; our s«!&suring instruments • the 

Me nss-a stated above the fundamental condition which the utility 

fraction must satisfy (condition (1).   page 10).; it must iniiiect the indieidr- 

oal'e prefexenes-ar-dJBidifferenco relation*   This condition is easily restated 

in teroa? of the relation >s 

(1)   f or all x and y in K5 x>y if and only if   u(x) > u(y)o 

It is a necessary condition for a utility function to exist satisfying (1) 

that > be a ssak orderiaSs as defined by conditions (8) and (9)-   Teas is I 
not a sufficient condition:, for it can be shorn that there are sets I tilth 

waek srderiogs.«  2 9 for which there exists no function satisfying condition 

(1)«   HosewBr9 «e magr regard these ss pathological casea., and in all tee 

instances we ehaXl be considering, the existence of a utility functiou is 

«6si«-ud if   >  is a ueak ordering.. 

m» hawiH iiOwtJ fur-tfcsr that if coalition (1> is ths only cor>clitisz> 

placed on "s %i*an u iw determined onlv uo to a nonotonxc transformation* 

This is a very wssk restriction on u* and there would be very little «tfvas>» 

tag© to be derived zrem v©rlri.j3g with the utility function rather than the 

preiersiKse^r^iraiifforenc? relation itself ware no tssre c^^itliss ?•-"?=ed 

W* upon u than <-ft?>difei«D (i)s   Tn classics ©soaomie theory of conwussr behav- 

•••' 
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vecturs <$%s ^jaoBj^ nfoare 35^ ireprssants an aaouKt of the i»th commodity© 

Tbsn f«*r any given TOetor* there is a utility*   u(a^s a^ss **»%)•    It id 

usually asstsssd thai u is d±fferentiable tath respect to each of ite & «rgt*" 

**nw''<iiwi' 

6u 

class of cld^Doito utility fcnctions3 and Its cHpirieai significance is gi 

©raijiy disF«gu*<a«3-.   Ste olac-sicil theory of ccnsuror bahc'Ticr is presented 

chiefly in Eis £sa of differential equations based on a differestisbls noil• 

ity functions   Ub ehail r.st darrsSLog *a53 fcaatallaa since classical oeoncaiio 

tbRoi-y is not a paiii of thie study* 

Anotlar type of restriction oa the utility function., Hfaicb hi."* 

nsuch more empirical sigaificanoa than differentiability is Ocs vhich statr-ft 

seas relatioa betvssn the utility of a eesisinRtiGa of 8li4rast£**s /aid tie 

utilities of the alternatives of •which the combination is r-ssposed*   We have 

already encountered eras each cciidltj-on? ecncition (3) on page 11$ 

(3)   U(RS*3O)=U(R,) * uts^)* 

Here T. and :&> are oaEmoeity bundles in K5 ssd ^i^o is the r.-'jcdls which is 

the em of tJ» teoo   This condition has tits doi&le funcfcion of placinjs a -seey 

strong restriction on the adtaiaaiblG utility functions and at the sissss tire 

requiring that -eery strict conditions bo satisfied by the relation      in 

order that any function at ,-iil exist satislying (1) and (3)=    we c*n Ul^steaie 

. 
newt t-lsees; that le9 that 

• 

exists for i » 1«, 29<B»«,,n<»   Thit? restriction has Rnra*> anmrical eignifieans© 

since there are radiations > for which there are utility functions satisfying 

conditden (1) but none satisfying bouh condition (1) and the Jiff5rantisbilit£' 

condition at the saess tiros*   Neraerthslesa., the differentiability restriction 

setrvas aminly a conventional purpose in that it halted us to narrow dean the 

! 

. 
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the e5c»iric2l slgnificanesi of thio relatim in the f ollosisg *oy8 Let 

E contain all eestiedity boodles <'SL 3x^^ consisting of just two bsso-3 

ceranoditieoj bread and silk, 

and 2«t> u(x. -aw) be the utli- x   <c 
ity of x. loawas of broad and 

X, quarts of atilk*   Ifcsa a 

tsofelsation of two bundles 

3ust <Sj * yl9 ag * 7£?*F 

ooadifelfsi (3) -titan* ts« anafe 

»2 milfc 

1 YNV^, bread 

«(*i • 2^3 ££ * s-g) ° a(xj-» yL) * ufa?., y2)»   SJIS aituatica ic illustrated 

in Plgc I3 rassre th© linss of conotsmii •atHity are stosn straight esa coa« 

stant utjudf-y differences are represented by lines a c<«staat distance apart* 

The fact that titss linss of constant utility are straight conatitatae a iTsst3mc» 

fcion oas > » sines these linss really represent cats of poirts ^ri.ch are all 

iadifferasfc to each othsre   In general^ tfcsre is no reason to suppose that 

the sot of points ?ej>i?aasnf/in£ i&differant eessaodity bundlae oirould sll lis 

on a straight liasB PM! i? they doa it im an empirically sigsaf^caut fact* 

It ess be siisaa that a nacsssiizy condition fat u utility function to exist, 

satisfying (l) 22** (3) ifl tba* tha sets of •*» cdi ffereifc points • called 

indlffercocti gjggts *» be straight lix&So   On the other hand} the fact; that 

con9%anu utaliigr differences are repreeenied by linss a constant distance 

apart doss not isply any s.ddi'&a<*ial restriction on > because > ia consists-' 

ly specified B«2a t&c ind:lf£e2<eaoe cur-ess ?Ed the preferences among them are 

given*   This aeons that- it is isoiatariai vjhd'^ utility is assigned to the 

' 
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points en GES indifference line as long ftp *he utiliviws assigned few the 

diffexeni Unas increase with the d&itanse from Vie origin*   as ap.tt.3r 
i 

uhiizfo way ntilltlea are asaig£sd in accordsriGs rtth tie above «sonditicn.» 

the corresponding preferene&^K^^Jxidlff'erenQe relation^, as 3efinad cy 

ocadi'Sisn UM *dll ba tfcs 5scs» 

For sca» proposes condition (3) is replaced by (3a) ©r (3b) s 

(3a)        vite*r) a n(x) + a(y) 

and 

(3b)        u(x*y) >u(x) * u(y). 

Like condition (3)a Abase al.30 have both an empirical and a conventional 

eigalfioanaea i«e«9 tfcey imply scassthiBg aboofe > ? and the?- se^e to 

restrict the set oi" utility fanetions more aarrciay than dees condition (i)o 

Condition (3) is called a condition of iadgpandanceo   Ttmv abated, 

tssr? is little reason to believe that ai$? ordlE&ry rare of altcrnatim9., E9 

should satisfy ito   Haweverj it is frequently or interest to sock to fi*s?. 

indgpendent subsets oi S, s^» i«*tE fvi3 aiid lig one of «hich may represent 

smoonts of clothing- ?&ieh satisfy the condition j   for all % in 5^ and 

all 3^ in EJJ3 

! 
nCs^) « f^uC^).) + fg(oCz2))'

13 

Another -ES^ of ccsabioing altei-nativas is in probability diotrifcn^ 

tienso   'fct s: ssd y be £»o irejEihers of K3 and iflt -4   be a prGbi»?:llii>?ra   *«fe 

define <T«<it.(l•x)y*> ae a prospect of sltsraetlse s «iith eflPObaMHty =f  and 

y with probability !»»«< o   For esaapioj soppose x is "go to a uw:bePs y is 

"study" and «t « i5 thsn <VvZ3(l".Oy^> is tZie prospect oi" fiippir^ a fair , 

coin to deiara&ne t&etflsr to go to a movie vr ou study*   If s is "play bridgcn Fj 

(1) See e»Eo Fz*isch2    [11 j 9 or Fisher   [£J 

II 
LI 

i 

jj 
 -• — •—     _ . —   .   tstmm $ 



-<cii 

€ 
then 

•s.  >   A xs (1—0 y 

scami playing bridge is preferred to taking a 5&-50 e&sscc ef g«*a£ to & 

nwri© or crfcudyingo 

X« ifes case of Bexcssllisn Utilitless *i«t »h±rfi us **s concerned 

in Part I of thii* report, ths utility of a enMnation of alternati-yea 

according to certain probabilities is singly tfee expects, value of the 

utilities of the alternatives.   In terae of the probability combination 

operation tliis condition ie xftcnsSAStsds   for sll x and y in E? and for 0 < .,< < ^ 

(15) *(< ^ x, (l-*5 y >) » * 's(s) -'• (1-*) u(y) 

Lite: condition (3) onis coi-idi iicui plicuc restrictions on the relation. 

>   and on :.he function u© 

^•naLljrj «o indicato briefly soria of t&o proposed vays of C03fcin-> 

isg utilities or preferences of ;i^di-*r:lauals to obtain a social utility* or 

^reference reiationo    The most obvious sioeliod of obtadnicg a social utili^ 

for a grwp.i S »  iL.30.95A.     ^ of individuals is simply to &w thoi?? indirLd« 

all   -^ /- T. 

(16) u(x) « 2    tt..(s). 
df   ie,x   *i 

In squatic.i 1x6)., u is ono eociui utility fuuwtiuu eiid u.    is w.G utility 

rau&ticn of inuividusl A,.   Sjis £sstt'?d of efotsining * social utSlity3 if it 

is to bn aoaningfuX Qkd not cm ortifast of an arbitrary selection of tbe 

individual utility fwnciioas &o.a a ceHectiori of equally eligible csss^ 

requires tnst iisSiv-idual utility pnolcjs be uaiqGsly doioriraissd oaeopt fa? 

their zero pcdntSo    If the pai^ioulsr ehoicss of iadividr.a!. utility faueticsjs 

are more arbitrary than sixupl-j asilojeliiig ovigiui^ then the social. atLii,^r 
I 

I 
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xo.ons obtained t£sa the isdi«5.<aaal utility functions bo e^btrt-ggtlally the 

^Saan tfcs irMSraduAl utHitias differ 02%* in arbitrary solsctiono   By 'st&»= 

ataatially fcba sffi?a: w& i^sn that the ts?o utility functions ^>osXd assign 

the ams ordering to th« ssse ^terrativaso 

Cse raay of s?cidiag the dif ficultins introduced by t&& aroit«iri-» 

a«S3 of the utility functions is to define a Gociai pr^exesa^ex^iadii'ferenc© 

relation olrectSy in terns of tha imUvitkal nrererettcs^oi^'^iCJiiXerciiac rsic* 

ticsjso   If ?» ^j^^^^X 5a the sob of individuals asd >^   , i » JL3„CSV. 

fii-u ti»ir prsfasrancG relations* ve c*n ?ejpon3SGEo i s the dspGiit*r>ace oi' th» 

social ordering -spoil them, as reliows- 

(17) >.   s   f( > „*.. > ). 

Hera f is a fur.ci>i«a of a argonest placss WJCSG argofiisats ase 

illations asd «bonn TTE1U»S ara relations*    'iho fact that functions! nctitloii 

is usually asaociatcsd with functions sfcese arsraracts and -roltiraR sera nusfosrs 

shuuid ixofc esnfuSE tas isisas* foe f is siwfiy » **8* assigning to each parti- 

cular sot. of in&itrid?.a?. «r«fsj?enf«~or~'lGdif£ersx^ relations a deficits sccisl 

function ubtairad fejr adding individual utility ftiactioue selected in or® 

ray say differ from that obtained jurom individual ut&iily fauctions selected 

in another isays this difference any be so grate that an alteyiiativoj, sfc 

which is preferred to snoubar alternative^ ys according to ths first social 

utility raay lwersa its relation to y is the second utility functiw*   Ae 

none of the conditions so far introduced defines a utility Ittitoticc urdqusly 

except i'cr a choice ef soro pcdnt9 it follows that a social utility fuasfcioE 

defined according to equation (16* and based on ijedividual utilities defined 

.fresi these conditions sast be arbitrary, and, may yield different orderioge 

of the alternatives. 

\fsHsi it is possible to define a co-zLiL utility fraca individual 

utilities in many Kays? ta would like to require that the social utility fuse 

1 

•riiTS?'^*: ..i_*-V.- 

• 



pv^er^nea^cr^indiffsreijco relation (alternatively called & social ordering 

ear social aslfare fviaotion)^   The problaa of welfare economics as pizseTrali^ 

pomd at present is .last what sort of ftnrcrfeien should be selected.,   the 

fault that social preferences are to ba based on individual psvA&SGSSS A&ts 

that oar governing ideals have a wt-nitarian and doeocraidc basiSo   Be* Jast 

t*at *iile relation should be is nt-iX" very natch in question, 

1«3   Questions of Infrsrprst-ation &££ GmffLrjsatiaa 

Thsre are t».?o rund*santally different toys of interpreting utility 

thassy5 each dentine frm the use to vhich the theory is put;,    the first 
• 

use is as a descriptive theory about actvsl inaxvidual behavior., one pxsport« 

ing to describe and predict hcs individuals 'AOt in situations of choice c. 

An example o£ this io the attenpt in Uva t&sscy of sonauraer behavior *K» pre-* 

diet the bohawier of a large nwtoer of individaasls tiad thus the behavior of 

the saarxsts   « ssccas sasscsted interprebation la that utility theory is a 

defiidLtion of ratjocriity.   By this is meant that utility theory does not 

necessarily Ascribe uhat an actual person scold do is «i siven situaidesi 

bnt states instead uhat a euprenely intelligent person would do in the saao 

situata.cn>    fbs different •&r«at'.«ii«iJ of the preference ordering of individuala 

•HUI sorra to illustrate the difference betseen utility as a iaseriptivo 

theory and utility UG a definition of rationality a   Knd&r the firefc istarpre• 
j 

ts.id.adg each person's preference ordering wusi bo transitive to satisfy the 

asicsSw   2K» preference orderiogs of sown individuals*, how3Vcra might cc&» 
vain oir&LaS «»S > y> y > 5S oiid 5 > 2:    • shi^a violate the tranaAtdyity 

raquireaenfc and sesai to be incionaLstant sets of preferences*    Jhsss wiason» 

oistensicB1* sight b<:. explained try too hypothesis that the individual is 

practically incapable of 5i»eping ell his nreforencas In aind at oncf *nd of 
r 

working out the full implications and logical interrelations aiaong thesis 
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Shis argtBBjat ia based OR an implicit te-anaforaatica of utility theory flrow 

a descriptive theosy to a definition of rtvfciossl cheioB making befcaviOT, and 
i 

Wplsins actual tahmdcuf in terns of nxce «n? less davietion from ths rational 

rasa*   These tw» xci«ipr«9tatione of utility Bight ba eoapared to ts© possllxLs 

isterpretatieeg of a theory of logic; «* as a description of »tnal think- 

ing procosass,. th» other as a definition of correct thinking processes. 

These t»o interpretations c£ utility are not unrelated^ and it may 

jcfesUr be ffeaaSMg **• *."»•»« to take the definition «f rationality as a 

I 

good eppraateation to actuality?   It is aasvaaaa' that each ijadividual tries 

to he rational., i»e«, tries to dpteviaiac ths best seans of attaining his 

draired ©nds5 just as & person tsiss to think logically, though he naar 

involuntarily fail ia bots easeso   If the ehoica situation mth sfiiieh the 

person is confronted i*s not too ceBguiLcaiad- he sassy be able to think ihiroagh 

saoat of ths alternatives and •scoir 2?iplications3 end arrive at a rations! 

set of ps-aferezsesc- in Elicit', case tfcs definition of rationality boaasss a 

descriptive theozy* 

Th3 third beisic interpretation «** utility is as a aeasare of ethical 

Koodo   The prohlsB hasro is to determine what, in stsac sense, in the "bwwt- 

action for a society or its gowari?5sr& to tate, given the Tit-ility goals© of 

the individnals ocs^osins lt«   TFalikc the first tao 1;heories9 which are «os*=» 

cemro i-rliaarily «:ith singJL? Indian ;duale« the last, taasory fcatsora&o ititei'Qstisg 

only *hea the jr<±S«sa 1B tc Oofcs-iaino the action of a society oi" iiisrc tfi&a 

one iadiivienaio   i socisty c«s»osad of £ si?2g!e individuals a "RigbSnaan Crusoe" 

sooieitgra l:ns no ethical oroblcatD eoca'ise it sisrply acts ia accordanss Hith 
> 

the utility scsus of its ors-. sasher*   Uadea? utilitarian sihiess 'hstili^r f«? 

individual A" ana "gcoS TOP iodividndl AiS a?e identified;, and the p?oblsai is 
i 

I 
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^hi"te this c»Gfrc52taticn aith esnarisnce ie. as *e shall see.- not v«ry straight* 

forv&ru * or utility theory^ it 4a at least xaiu-Xy clear •9h*t. swrbs <jf licets 
I 

thai iiheosy most asset gucc^&^folly An order to be acceptaK>»=   W» orriirraBy 

arsd showing that utility tfaacrs' doss d«?3crSl« this behavior*   Many of tho 

arguaantg used in Jas^ificaoicn of the aadLom of various varsiGna of ufeiiity 

thaory sake.just this kind of appsalo    In sans cans;*, ths definition of 

rationality nay contain s. c^slculus of utilities by tjhxen it is possible to 

coapute utilities for collar alternatives fecss. those of sisplor OAScraRiivas 
• 

in a jsoebaaitsl *3sy«   la those caJ3C-35 utility theory stay serve eg a mental 

«*> laborsavins davicc3 sach as do tho rules ox azitnaistxo wntcfe *e Gallon 

ftosBhotf to ogsivs a social goodj or utility^ froa the individual utilities* 

macm of afclbdh ss^ 1* in conflict;.   "KVs e£y»ll be eccscmsd o?2y with the farsi, 

t«e interprstaticcui throughout the rest of this rapart« 

Before £iscnssing special problexis of interpretation and oonfiamar* 

»<»wT4iay -fco the three different ld*rfs of utility thsoryj we wight poftab 

out in a general way bow these three types u? interpretation affect the 

problem of ccnfSasatioxi,   la utility JIB a desoyiptiva theory^ the probles 

of eenfisaation la 3ifc» that for otisr ncientifin thsorisss if the tbeery 

is tree*, than the atatcEonts of the theory roast describe actual behsviorn : 

Hsnes it is necessary to coapile ebaerwsticsis of individual bsbe^or is 
I 

eheies situations and see i&sthsr thay earrs3poad Tilth *^iat ths theory jar-adictSs 

notion of scuafJBaa.t2 af8 is., hosa3T3r3 not applicable to the second kind of 

utility*   Tiaess theories are not meant to describe actual b«havior9 SD it 

is act SUQB53O1& to tost than oj confronting then with, aciratel behavior= 

I 
Interpreted as a definition of rationalitya utSlifcr theory can only be seated 

• 

by «ppeeling to a sort of intuitive idaa of Bhst rational behavior is lito 
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bliraPy to save ourselves soilless and laborious countings*   It is toon at 

least thBQ*etic**3y possible to test the definition of nationality by det*r« 

ssinisg if eaefc position is &ctu«IIy proved by acting in accordance «ith 

it*   Vfe shall point oat & -rary eaopile tost of this kind v&ore the asfini- 

tion of rationality includes alternative with risks* 

•Hao saae sort o? "confirswtion55 is applicable also to tljaories at 

social good based cm. icdividual utllitices.   (fcfifiously it is «ol ^uglwla «© 

is tho&gttiG be bad*,   3GTJ«3J once again it io sensible to tsst tha theory 

_ 
go to actcai szperieace to test a u»a*5- or th? good,, oaeaugs sacn or eyjeraeoco 

—»*'*-———B«TI•I.« ——- —...—u j  •-•     •-—ii^anei» 

' 

only by ecngjaring it with our intuitive nobicsas., hersj of the "gosda*   By 

appealing to intuition w& ?s-e c«;poaling to so&Bthinc vague and possibly 

i 
possible 3ti£t what \h3 "iistaitive- conditions are which •ss esp«2t rtiy theosy 

of eoeisl utllit? to satisfy.   It h«e been one of the great discoveries in 

welfare economics in recent ys^x-s ihat oestailifi or th&w intuitive conditions 

are irescneisteni-   xnis vwans that it ie ixspcgslKio to cterstruct a social 

welfare function cat of individual nrefersnee fields radon satisfies Simula - 
•«.wrtr*cg«l.v aTl the -•T>,'''**i.'t'd;?,5 cowidit'lons ?<xc 'jjJsst 3 ffood ^?slfsi,e function 

¥e turn now to the probisias of interorstaticr. «nd confi?/x&ion 

peculia?* to the different interprat&uLona* 
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l„3ol   Istsrsrstatlon and Confirmation in tho Descriptive Theory of 

We hew i2.ready indicated saw of' tfce alternative lnterpretatione 

which can be given to tea crlsdtivs notions, Ks > , and u of utility theojcyt, 

wa hm paid special attention to Ks the safe of alternativeso   Osrreepcndlng 

to vwdi Interpretation of K is a variant of each of the tines basils type* 

of utility thssgy» 

Only a few sf the possible variations in K have so far b*«a indi- 

cated,,    Oftea a slight, change La the ixr&erpreiii&i1?-! £»B? ohsiugs tas ?r=fs«-- 

ence pattarn radically or vflren ha*ra as a consequence that tbe axioms are 

no longer satisfied*   We nay cite as an ezarspla of this a situation vhloh 

has been is scribed aa proof that prefsria&ca orderisgs need not be transitive« 

It- h«i* bean cbssrTe^ ffip nagm an3»als that they are prose to prefer absence 

of pain tc food and food (absence uf hunger) to sax, and sex to absence of 

paixw    If vet let " p-j "f, and asn denots pain* foods aad sex respectively^ 

the animals' preference iolatlon runs tfaost (not p)>f* f > ss and s>(not p). 

This is not a trsasitivo ordering., end it appears ihat the behavior of tba 

srdaals is not- described by utili&r cheor.v^   hatscr^r^ «e ^- eu*ag» the 

iutexpretatdsi if K- shish h.=id previously inci-jdad jusi   ?} fs arsi ss to 

inolndo as -soil all possible ccsbinationc of tfcesa three„    If absence of 

pain is preferred to food-, this naat raeaii that the cossbination of no pc±nr 

no food; and no SSJ is preferx-ed to the ccofolnsttion ox' paani; food; and no *&&• 

In KymbsSLsH 

(not p9 not f9 not s) > (ps f, net; a) , 

I- ICearaBth Q» May     "36 
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% SiasULaatOy, if food is preferred to sex, this could be interpreted to aeon 

th© oostoinatlon of DO pains food9 and no sex is preferred to no pain* no 

foodf and ssxs 

(n«t   p9 f8 not s) > (not pj not £s s)a 

And finally the thdra preference aay be :**»p?cssnfcsd s;»»cliccl3yt 

(p8 not fs s) > (not p.  not f., not s)« 

These three preferences are not circular? eni it would in fact be neeesaary 

to include zH the prefaroscesj s^c-ug all wlr> possible cccfcinationc to deter* 

mine Whether or not this relation saticfisd tic asieao of utility ibeosyo 

This emn-plia should jLllnstr&to hew erit4£s21y dnpandent tztility theory is 

on the intex-pretaticri of 2* 

ItSiile it iu \.'lear that the sots K and 2 must be carefully defined, 

the aaanlns of •iad2sri4ssi" aivi *alteraat4Ten ia fairly clear once this 

has been dccae0   The really fersddabla prehlsss of interpretation and fcoa- 

f1.<aatiea arise in eennoctien teltfa tha prirait&TO notions & and u*   fe 

understand   .£   intu" •'.:;*aly in terats of a subjectfrre foeliag of attraction 

or aversion to the xLucrnat&V98 in E5 and imagine that others bare aW^y* 

feelingso   However., those subjective feelings are not. a good basis for a 

descriptiTs theory., ^ir.ca seinrsco is :r no position to observe thee diarsstSy, 

even in cases in Whinli it Eeesjs claar ths>; thoy asist-j   It is evas iiOfe 

problematic i>o assist that sucu Gocisifcn making agsnto as ccrparatxuns u. 

goversjswstr Jisse faeULoggg and hews tfcs sob^scti^s interpretation ns*3t bo 

abandoned entirely in sppliCK^Leng of utility theory to this type of "individ- 

aal<vM   It is? therefor?..v riecoasory to locx for another interpretation fes>   £ 

one i&ich t*i.ii ba scientifically usefula 

W (i) HAMS-V**.   }_f food la preferred to sex is interpreted fco ?»an; 

(not p5 fa not s) > (pi not f.,s)a 

then the pvoferesoes «^-o circular •-.    It ia ac;-- c*ii>ar fr cm Hay'a deseriptiea 
which of these iafceri«,«»tatiozK ia corrects 

••   in            ~7ii   miiii'iii" iMiiniiiiiMffislffl—TH, ...-•- 
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TBO altermtifes arc available? (1) to ask the individual* to 

list the alteraatiTso in carder of subjective preference and (2) to dedtaee 

the preTaran«i psfetfflra fr« ©bsorvatiaGS of behavisr in choice asklag 

aituaticaSo   The fir*rt iJRterpratatiai would mtm to be nearer our iatuiidv» 

idea af  £ e ana i.s *ouxd aleo be mam dirocfeo   But it oast be reeaHed 

that utility theory is intended to bn H theory of actual decisions.-; and T&UA 

people say +>«y would do in a situation Is notoriously a very unreliable 

second alternative avoids this difficulty.; bet raises the question of hew 

the preference relation is to bo defined frca observations of actual. decA~ 

3lon makingsc.   If £ c<id y are two sll>artiaid.v©ns and if x is aisrays diesi£U cr.-^: 

7 ifeenever a choiee ie presented 3 then clearly z is preferred to y0    The fact 

that x is a'issgrs preferred to y daaanda that the preferenco«or~indlfferefiufc 

relaxion act change th^ooghout the interval under con3lderaticno    Coajmcri 

sensep however., telit; us that preference! pattenw are constantly ehangingo 

The feet that ^ wr/ chtinga brings into question the usefulness ax utility 

s\B a descriptive an-.'. prodiGfclvB iheesyo   Though *wa say *ni.5h to predict tls 

actual choice s per: on -Jill asike whsn eonxxocosd tdth sartaiii al\«x-ij»tiv<s#<> 

utility theory tell? us *Jn3y that- he -vJ*H choose that one Hith/ths greatest 

utility^ but net whet his preference pattorn is..: and hence it. decs not 

really enable us to predict his behavior0   Only under the sssarotden that 

i.  does not change does utility beccne useful pre«ictively0   As ve know., 

«*  changes- in the ordering it ascrS&oe to csrtsin alternatives: •—• €o not 

aiuayn do the asae things ucd^s* the sntie cirevBfijjt-aacBSo   It is the hope of 

•obese vho use utility as a predictive theory that the preference«or°indiC-1 

ference relation ie relatively stable in the ordering it assigns to the 

altorti.?.tivoiS in which he i.3 intern^ted^ 

• ^^HSBHSSSSSS^M^ < 
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Httssttesr or not       is otahla may depend on the definition cf Ke 

?w «xKopl»& nrtppose £ consists of vaotcKg 0*1.3 *3>j>  representiss a^ loaves 

of bi=c«*d tiMa ^2 <tf*ai-ta of alike   As® x» end x>> to be interpreted as sasoitnts 

to bo   acquired In addition to the «:iioa«v of brvad and ndlk «« hand? «r ss 

total amounts possessed after the acquisition?   Under the first interprett** 

tioRj, u( <*, sa^>) is the added utility accruing fros ths acquisition of 

z, ? 2k   and it is likely thi.t, this tsili not bss gsablB» but «ill vary with 

the »®fjnafc already on handa   Ends** the second ;interpr**ftt-i«ng u( <Ss^ xg^ ) 

represents the utility of a certain wi*l sscsint shioh includes both a ns* 

acqulsitlcn and *bat is already on hand5 m& it nay uell be that these util<= 

ities and the associ&tsd prsfsranca relation -gill be fairly stable• 

In cases in  M.ch  > is not stable and S cannot be reinterpreted 

a» indiau^cd «bn» tu find a cPSOTspondiag > tiiish 3s stable^ still ancthas1 

Msaning can sss £S3ig.ssd to r= mri.cn coap r.ot deaend that the sane alternatives 

always be enssoa in tiss sane clrcuMBtanccs,,   In this interpretation^,    x > y 

sseaas that Vtss pbri^nta^-3 of tiassj p., that x is cltosas ttwn the only alter* 

natives are r. and y ia greotoi' than or cq-jai to 3*   That is x & y  Beans that 

x is cha3w33 o^s? y? oru the average;, acre than or as oftsn as y is chosen over 

Xo Ihis say be regavdad as a generalisation of the case of stable preferences, 

in vhieh it is roqs5vcJ that p most be ezthsr 1 or 0» 

The saass raasris ec have been aade abesut ihe dd interpretation of 

are applicable £0 the new-    It is esaOiifclalj if utility is to be used 

predi»tiir33^%  thiit the* relativB froi£t<jiscitfs of t-hs choices be sisbloo   Here 

again it is i£$>oriaiifc iliat X b<? interpreted appropriately^ 

I should like to tm:>. now to th» problem of confirmations    Evsa 

~J-Vi-.        ——      •w-v-.-wn-      .j.*w-<rf»   JWCW..M.V       -^. ,/*-l>       I,*,    W«V.-,i V*AA^\»       ^V^'AM^wi^        „». M -KJ   iUCt? 

'• ~ ^^^r^^SraSSp^SSr1 



• 

iwpoegibla to tB»b all tha ara-fceiaaots o£ utility theory by comparing tisere 

with the faotaa   The relative frequency invatpzetatiai of > ^equarca that 

an iadividual be confrnniod aaay tiraea vifcu a choice bettaaec altornafcivee 

x and 7 for ;tn estimate of -uhethor x S y holds to have a snail probability 

of errox'o   But an individual is --fesy soldc• confronted with a choice ba&mau 

J«*t too alta-vni46ive»v   Without the poscihiLtty of toutang all 8ta«essnt«9 

and particularly3 of •>.«cjw&£ii3g sn iadiYidnalCs pra£e£^*»=ar-iiuii£fexaBoa 

islakuuv  it eocenes a trotter of deciding uiueh srtatoaento ere important 

for tit* i^jjJ.XcAco.-si vadnv conniuaratiea,, au,i -trying to teirfc those*    In «o» 

classical theory of caisvtssr behavior, the rds is to describe the gessrsl 

trendn of large maascn of bnycrs:,    Here it is rsecosssry to a*ffr«sB sees uni« 

fortuity o£ taetas ove:* large classes in order to RenoraLissB ITGB the pawr« 

ereaees of the £3&i7idstal«   In gensrals the relation between the asicae of 

utility thecsy. or a*r/ thorny of icdividurJ. Idk3.ri.arr> to tho aaero-^shenaisaa 

of social trsuds is obscurej ^dd it is cstxeneCty cuestionabie Hhethsr the 

actual success or fa).'..<:va at tise tcacrc-iiiffisFy is crucicily dependent on ihs 

details of the individual utility ihewiy ui i&iuh i•» s^jpssrs i--> ba basetU 

The newer theory of Bcrnoulliac utilities., «hich places acre sss»irieal raqui*®* 

njartta on  £ than the classical ihnoty <ie««, is sere susceptible to dx*"set 

coiifirmatiGu for thin reason,.    As with thss classical theory,, though, it ie 

absurd to suppose that its fixLcsss ers satisfied iszactlv*, or that pz>^<a»at« 

patterns stay perfectly stab!*, e««u WUBU interpreted as i-elatiTo ftwqpaoeieaa 

Uencct tha theory has to be Seated &G an epprcoinaiion if it is used predict* 

iwiy at all*    Thg problem of besting 'tstaihev the thaary is a gocei approxi'j 

«ati'PG is difficult* ?nd can only ba sensibly attempted relative to certain 

specified intes?.?tod applications*   Ac yet, Samcutliaa utilities have been 
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1»3»2   Ths rsfiaitiaa of Rationality 

utility theory as a definition of rationality is concerned mainly 

with the behavior of single individuals.:, uhather p*raons or organisatiooss 

Here ve, are no longer concerted vita predicting behavior 9 and so need not 

reqxdre that the prejr»»r»ric*! crdeiing bo* doable over tJjssso   She object i» 

to (tescvsjbe «cmo of the rules govarrii'ig the ohodoe to be made among a car" 

tain sen of alternatives i» order fcr the individual best to achieve bis 

objectives^   Ths theory, thee, iis to be isst.sd against our ides of a&ai 

actually eot^stitutes intelligent behavior^    \vo CO not. expect that ths goals 

ef intelligent Individuals will alvsyo bo fcho i^ffie, but only that ho should 

act at ansr riven tisra  ?& achisvs s/'st cucnftegftflly ths goala h* has at tint 

tia»c   we do rurt require ©ithor that the things denote* *y the primitive tojas 

be objaeti-Jely observ-able; it is sufficioni for the rational individual to 

be aware of his own s£na at axy tiR33 whether or not these are known or kr.e^ 

able to oihnrsjo    The main quaoidon to ask of any stwtcaont of ths theory is 

slraysr doe;; it deso_-:,.be rational behavisx"? 

Th.; requArorisnt that- > be taransltiro   as part of a definition of 

rationality,  has received scecr attention vc-conily^   "Tha fc3*ansitivi-ty eon£i---> 

tion IBOUIO appear oO be an iscwdiate consaquor^s of tho transitivity of the 

ordinary English relatj.cn of "better than or 3.3 good «3<."   By the ^ulss of 

English t\sago«, if at is batter than or no j-ood as y« «nd y XE !3et;ter than or 

as rood m E© than at is better than oi  as good as Zo    Tl»s ratior«I osa Is 

supposed to onior x and y such that zzizy'JJ: aad only if x is bettor than or 

as good as y*   Thersfors., ths iransitivitv of > foUo--rs4   i!owever5 this 

srgrsjsnt rsc'tly Oiiiy re;!leets ^bs ori^ina*   rawstlon back to «skirig tf <y "better 

thftn    HW  iafi   -rood  Ast*1    •thr.-'*Sr!   ,-r-   #J   v.vf»n».<-' -Htw   vr>l ttrArvn.      T«  m-»v»^-  /tf»uu      -a*.   J- 

•MtWBSRIw---     - ;•• «^«^w^^*Bsrtfw«j!S»^ 
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no*, at all obvious that rational preference <er»indiiT.fer«aMse ch«tLd be 

•tyansitivs - ssBcgJsHy sissrs the indiv5.dv.iv3. sny issva ss^sral interest 

which say conflict,,   May1 h»g given tu3 an exon^le in Tjhich stele students 

were asked la list prefes^aees among girls as prospective marriage part- 

narso where the girls had various costf^inr-tions c£ looted brains? and no 

mtxsQ- profezrcd to plainness^ tarcine, and mouey,., pi^sferred to looks-, dull- 

ness.) and uomy„ preferred to looks? braim;> and no coney *    It can* of 

.4_~.-3     *!.-•.     -i-*-.d —    -! —    - —    2 .. 

clalis is not easily justified0 

Ite7idGona McKiiiseys and Suppol [?] givo a raore convifisiog sufgu-' 

aani for tr-ansitutvity 23 f ollcnsso   Suppose that x > y? y > s s and 5 > s, 

sad that tlsj indfcMytosl ia presented T*ith a choice asoag Just those altsrn&'-> 

tivoco    Ths.'j^ no aatter •which one ho ehoe;rs3r thsrc is ova he pmfar-s to it, 

benco hs should not Irons choean itc 

Tlis atipulat:' 3n that S  bo a weak ordeaing is also justified to a 

certain eatrtni by thn .-fact that it simplifies the B&thamatieal prohl«aa oi* 

utueuxljg    will?   jiji*^.-.Cr^>j2 "-3   'r£j.»i/!.SIio^       39C   til-. 7«3   ^Cokjit   "IOC.V/ 

drucriug iii Oz-uwi- fur u utility i'.iiicci.uu  bo *Aist at all^ and JS: 

ing thi;j eoaditien raawiHBa the pcra3ib5j.i-i.17 of a utility theotfyc'1 

Xo    *»fc»iiiifcj tell    Uo   -•i«^' V-* 

2„ An spparoar. exseption to this pjriscs in tha theory of aansuoRr behavisra 
Hers the jca:a propcr.:L"'.:..ons arc expressed :ln differential ecj»tio*ts irm&ving 
the derivative of the utility frneiiono   It nsy wall be that these equations 
IJZB not i etcg;"'*'j^"^a 3  x-icl 'Li it-nt' been 'shcy** tb~t ths^** non'"•intesrahili'isr '** 
equivalent to the iyvtr.-t^sitiTxty of the p: 'ei'ox r.iEC2 yeJ.atlCBio 

IMS ?°»aMii'—w '"<&*£»»£SM^ 
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As in the case of the pm#Lz£*jm theory^ the specification of the 

dL?»g of ?it«rnaiiwiBS Is isur-ortants and poor ehooe* of K may sake It seen 

that, tha prcferonee-cir-indifftii'eaoo relati*-*! io Intransitive,, 

In part I* esi BsraariUlaa trfciliti.««5; w» shall encounter many aoora 

assumptions ae tc what constittrfcos rationality* tfease asguapti*•* *«11 «» 

examined there isj detailo 

lo3o3   tta DeflaliAon of Qooo 

Hsat of the srauaiics aade about ti« problem of conflraation af 

utility theory as a definition of rationality applf here slaoo   Tiie mstfeod 

of testing can enly be a coajsiris^n of tbo ctatesicntc of the theory vith 

prsriocsly held ethical vic^s,?   As we havo pointed «rt3 Half are economics 

essentially invsLves Intcrporoonal ccespsriaons of either pi-sferencss eg- 

utilities*,   The baslo uaouaption involved lies in the fast that utilities 

&*£ DH«Nujn!3 of the good of alternatives to the person involved^ art! that 

sods! good is a fucerdon of indiridaal geodSo 

Too question ot? interpretation aay be divided into tso categories 8 

(1) tfaieh of the set of eligible utility functions actually roprsasiiis the 

jiood? and (-?) hosr ehall bixsse utilities bo ocabitwd to yield a seeaTzre of 

social utility?   In connection with queotioj (1). ws hsre pointed oat that 

nose of ths sets of RomHtion:* <±«ich the utility function mist satisfy d6» 

flam a utility function v_mque3y0   If tha g?-"5«?rii»n of atilitias to repra-- 

sent- ihs Irrilvidusls of the society suefc bo arbitrary^ no coast require tiba*. 

its social ^raferecfco ordorins defined £jrcn tasoe is ijuviiriant for- iroiteajr^ 

l!y diffsri-g choices >f ntilitiesc.   If " rule for ccspoundinj doeo not. 

satisfy thin r»^2ir«f*safc,n it nwat be abarmor^dn or olr-a a new <jandiii<sn aiust 

ilSsXStSsi-.'- ',^^a»i!Kj?32^T~'; 
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be Bought vMch restrict,* iho rungs of adadsaihle individual utilities to 

soc& an crtonfc that the social preferences ciJfcaired am tfts aaa$s fc«r ell 

equally adsjiasibXo individual prefsrencsBo 

The above ccsiditi'?n tmLch must bo satisfied by any ropthod of c<E2~ 

penndlng individual utilities ic a f eraeX restriction which aacgr different, 

sdihssis aay satisfy c   Prestaffibly tho issthod actually selected mix be dstar^ 

mined by ethical eonaidsraticaso   We would*, for exaitsplo;. probably lito io 

require that the empctfwding; aethoci give equal weight to tka utilities of 

difivrrsnt Indlrldualoo   Vs havo u«tc>d that the prcfclcra of doiiiiiiig a social 

utility invariant uxtfer ?jr*«itraxy chassco of itrii^iiAial utility con be by« 

passed if ths social preference scale is defined directly in torss of the 

individual preference uoaleuo    In general^ thcushc, the question cf nnst 

Meshed »»iH so usoo. fo- this definition :U3 an otiiieel OEE-; and there ia no 

general agreement:, on its auatfer-. 

In GOQ i» say say that the problems oci' interpretation and confirm-' 

tien cf this third tj ;.o of utility theory ars £>5jidlQi* to those for tha theory 

of jraticualltTj but that tfeB batdc etMcal prindplas with 'sMch the theory 

r^ust be ccaipared arc asach acre in doubt thaa it; the intuitive nencepiiea 

at* rationality,. 

*'»'r^i'£*i*t*&m.r'?%'*mtw~''''~i'*5* * • 
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2„ Ben-yoijOlim Utilities 

20lc Igto&lugt-ions the Probly of Rationality 

Wo noted in the introduction that or® of the possible interpreter* 

tiona of utility theory ma aa a definition of rationality* and noted also 

the connection which that iaierpretatioa has bo its interpretation as a de» 

seriptitB theoxjo   Throughout this part ws shall discuss utility theory 

chiofly as a ihscsy of rationality., bccw,GC it is in this light that its 

priocipi&e are most easily undoratoodo   To appraise a lypothoais introduced 

as a principle of raticzial choice it is only necessary for us to review our 

vm iiit».viuivc feelings as feo vhstttor ««3pl*jyc5Divi. of ths principle actually 

would load to desirable consequencc&j whereaa to forssulat© or evaluate the 

saae priiioifle aa «* t^i;cripti.cn of actual behavior ijivoIvcKi us in saiy cenpies 

problems of asapirical interpretation and -verificationo   Frcs an sapirieal 

point of vi»tK,. thon:, w can regard principles of rationality as heuristic 

guides auggestdm err::, v.cai hypotheses in fields of behavior in which thece 

are difficuli, to fesat&ateo 

Taken as a theory of rationality? Bernoullian utility attests to 

formulate principles of intelligent, choice In olvaatiors in which the oat" 

COMB of axy choice is subject to chsnoa influonceso   k simple sxaapl© serves 

to illustrate this typo a? probleri*   Sijppcse a nan is offered a choice among 

the fullcTising Uir£« Jiltsrsati-TD?: to bet a dollar that an unbiased caia Kill 

fall headSe to tot a dol3.av' that tho ssse ooiu will fall tails (in each cassr 

if h» WLT*S£ he "ins a dollar) s or not to fcot,>   VJe way call thane three octiojie 

a»t. ag;, asd a*o    Besides the s'jt, of seniors which the rasa ssist choose fixa^ 

there are three possible outeofiass tc win a dollarn to breaTc even,  or to 

-•ortaasasfcswiVS"*—* •. -'•••""«•• iwaj»a'ij»cajwaBP,iaB»«i^aai£j - 



lose a dollar,,; let- nn call these at^93^9 and *» respectively »   The nut 

will chooee that action «hich lends to the outcome wiUi greatest utility 

(assuming he la rational)?   We observe, however^ that afft all the actions 

X*«d tjo a certain vAtoasa   action &j -* f,° be* a dollar that the coin falls 

heads; so under the aestsopiion that the Gain is fair*, taking aj steans tak< 

ing a 5<# chares cf **zsins a dollar (if the c*dn falls heads) and a y2f> 

chases of losing a daliar (if the ccdja falls tails)•>   Therefore taking a^ 

is equivalent to taking a $0% chance «f ;^ a:id a i>0£ chanca of 2^0   In the 

sxae *isy 1*2 see that ag is equivalent to taking a £92 chance on X3 and a 

$0$ chases of aE-j, and only &, l«adc to a certain outcomes z^ (breaking evea)c 

Te daeiite vhleh <af the iiurao possible actions to take in the *".2s«s<-« 

going c^&ipleej) the nan must not only be able to evaluate sure prospects 

(sLjS^s sfid 3U in this cas©)? but various probabilities of getting there,? 

and Berneullian utility provides principles of rationality her©0    It was 

noted in the ganersl -introduction that Boraoullisn utility sives a cardinal 

neasure of utility, sv3d it is "saoy to see frcm the example «hy the c*uiusr» 

tion cf the risk altar-oativee demands a saaasure cf the relative magnitudes 

of the valiiea of tba outcomes x,5 J^<  and s0 -    In trying to dscido Aether 

to talcs a 50'$Ci chasce of winning against losing a doilaiv or not to bcfc5 

it is not sufficient i'cr the nan siaply t-o take into account the fact that 

he prefers winning a dollar to breaking even., und psrsx&ra breakizg gvran to 

losing a dollar*   If the man greatly proi'ero sinning a dollar to breaking 

even/, and only slightly prafe\*s breaking even to lazing a dollar^ n» is 

likely to risk his mxiay<>   Ifa however;, hs is cautious^ and caros loss t<%? 

wiseing a dollar than i'cr keening hSasalf frcas losing a dollarr ho will be 

likely te refuse to bate    In any cace5 La must bake into account ths oagr>i- 

tud« of his liking for the outccaaeaj not ^ust tho ordinal raLatiansfctpa 

^-_yg»j»yiM»n- ^MHII   mi .waMMi »i   11 mil jB'.iewilii5!ag''i'«- -..•'. 
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(at leasto this eeeas to be true for rational choice)« 

B«fere passing to consideration of Bernoullian utility9 let us 

note briefly a distinction which is generally made between theories of 

decision trader risk and decision under uncertainty*   The easpla given 

above illustrates a problem of decision under risko   In this example the 

person dwosJag the aercicn doss not know what the actual result of tbat 

choice will be* loO.»s if be choosas to bet a tjollar that tis ooin will fall, 

h^aos^ the two possible eutcaaae axe *-iiming & ds/ilsr «iid Ivslug a dolls* p 

but at the time of risking the dscisJ"? the "v*" doss not know which?    He 

ooesj, however? know the relevant prcbabilifciaso   In tho caste of decision 

Baking under uaeertniaty9 net only doss tho man not know that the result 

of his action sill bs- but he cannot even aoni^ dofinits probabilitiies 

to the vnrisi* possible outceess-   Vie need only change our example of the 

bet sli$3tly to illustrate; the problem of tasking a decision neder uncerteda=- 

ty0    Suppose the man is as before required to choose among betting a dollar 

on hsada5 a dollar MI caila• or not botting»    But now? instead of being 

provided with the infonaatien that tho coin in question is a fair onSy as 

does not know whether c>r not tho ccda is biased) ttrki if it 1&} what pkTiib*^ 

billty it has of falli^ beadse   Still more pormiasive exegpleo occur in 

atany familiar situations,;,   Nearly overyoEO has £ound hiE&alf at BSSH tdn» 

•asitine at a bus step for & bup cheat whose schedule ho ia In almost crea*» 

plate ignoranceo   It stay be; late at nights und lie dceu rsot know whether 

the last bus has ssr>- ^t-   H© haa then to decide whether to wait for the 

bus or start walkings and if ho wsitsd for her lengo   This exsaaple is as 

no natter of flipping cdno with known probabilitl8ss c»r «rren of kuowinsj 

a d&SSinits probability vh«?.t the tut will ccco in any interval of tiaoa 

Tho inforaatlon on which the BMUI must bass his decision in this case is 

naveh less definiten 

a.>««^%-«<^^'^«atn^HpH|g^^.. : 



••"•--••:"    - • 

«&>• 

In the case of <*«<*?!«?-? w>der riekj, there are intuitively tory 

coorincing principles of rational choice (those load to the construction 

of the Baraoullian utility function}} where** thora ar-e^ except in sons 

rather special oasesn no ouch i*ell»founded principles in the ease of decis- 

ion under uncertainty o   We shall note sacs proposals for rationality under 

uncertaiisty in the section on applications to theory of gsaas and statistic 

cal dMJJdona (seeticn 1^3)» 

202   Bernoullian Utility Enactions 

2„2ol   3» Defining Conditions 

If we con3i'iBr risk ccsfcicatione of just two outeorasap x and ys 

and a probability   J. * than <2xs  (1« * }y >   denotes the uncertain autocar 

of getting x with probability       and otherwise getting y<>    Then.} if u is 

a Bernoollian utiliiy function, it must eatisfy the conditions; 

(A) u(x) > u(y)    if snd only if xiyj 

(B) n( <^xs (1- -w?> ) "  ^ts(x) + (1- ^ )u(y)0 

It is easy to GOO he, the fact i-hut u satisfies condition 3 iioplies thai it 

met bo a cardinal utility,,    Icdaeds if the utilitiai? of eny two (not i!*iif<- 

xeront) altemativen - XQ and a» are chosen.? then tha utility of any ot-hex- 

alternative is detearoittod uniquely by its position in the prof arena© scale0 

For axaznpio3 suppoeo x   and %   arc alteiiiatives of getting nothing and get«° 

ting &U00 raspectiv.:v.y at?d ^3 chc.-ss «(xj) -: 0 and u(%,) - ls then the 

utility of $2,-,00s, u(x>) is determined by finding ths probability«   *c fl 

for which the conpe-ii..-:1 alternative c* getting ^2-,00 trtth probability  x  <*r 

else gefctirg nothing -in held •••» Jiiiifforeut I/O :-hs alternative of getting 

&I„00 for saroo    If these two alternative's r.rc Indifferent* th*2n 

••-"V •'i./.'v-iJ.J-     \..i--^»\,/>l.^(/     .• l>\'>.-,   /? 

;sw*w*^;as*^w*ttiw^ 
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and ty equation B;) 

^u(^) * (1- *) «(xQ) - ttte^)* 

To ssys for axssaalG.-, that the utility of say altaaijative x is tides tbat 

of ODB dollar cisply ssaa?? that a 5G~50 or.i*uue act getting x or pcthing at 

all is Mjd aa iodifferanft to a certainty of reeeivin* a aoHar„ 

It nhould be noted t3i3t« accerdlng to the definition of th© 

Bernoulli*!! atdli^ fuaciioap Uae fact that coo alternative may bars tides 

aa sssa ufclliLv as another (rjslativs te aa arbitrarily ehesan saro) says 

nothing dii*3*i^' aboui, the eysbooeitiwe magnitude of tixi pleasures doe to 

o&nio    Hence Bernoullaaa utilities elo net noeoeaariiy rely on a faib^cctiwa 

comparison cf aagnitodoa of pleasure (except as tiieso nay entur into the 

determination of the probabilities at tthieh unoartaiii alternatives are held 

as iiadifforoiita 

Of oouraaP  tlio a»*a .-.'act that, HB li&va & §yaiett of proiegenoea 

ixiduding uncertainties doea not goarastse that people do or should holo 

the utiliisf of an uncertain ev.^nt to be aqiml to the espectsd value of the 

»?»,-: i Itiaa of ths e/&ntu of twiuii it is coapoeedo   liore strictly3 the existetoe 

of a utility fusstios^ u^ satisfying oooditio* B is net gTM>-rn«t*»»«! f«p alter* 

natives involving risks a   Ms vhcll give a .act of very piausibifs aniqaa frase 

«hieh it is jossible to deduco thai a Earnoullian utility function exists* 

hut it is nox*y?^iils t© noto that thsrii is ^ood ressun to beiHeye y**^ thsss 

c2»icrw'T ^^f* rv^t ctrictiTr j^ttLsi'i'-w^cl.   Qyy^ *'A~~t ^^r s^itxiis hsvs ^r*,c** n^nr*^a»*i 

fca which thrsre assists no B*rnoallIa& utility i':i£etianc    Rone of the other 

systems lsad-3 to utility functions nearly an simple as the Beinieuilian.., acd 

i«mHM«;'r--" a^si—r. ww*w^^^miw5n»£'-ag««WSfl^^ 
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to date asm of tee alternative eystwas hoc bsen marie use of in jqjpli.oatj.onno 

Abandonaant of Bsrnop'U.ian utiUtie* would \w-v& a particularly disaata?ou8 

efflact on the theory of gases., in ishich the equation «? condition B is central* 

The first explicit use of a Borneo]lion utility function was 

made., as Ihe usue suggest*!, by Denial Beraeanis in. aii atteiqpt to explain 

the famous Sto Petersburg Parados: (which trill b© described in ths section 

«n tfco utility of aora^)e   Bernoulli's hypothesis wsia that the yalns of 

jaonsy ia not directly proportional bo its SHO/AC*^ but ratJasp to its logarithm 

and that toe yeiua  >f a risk ocafcinatijjs of x&riOMS s^.Qiu»i* ic equal to the 

Tiathcjeatioal ca^eotaiian of the values of those a«ount;j0   7&ia5 Bcxn«illi 

postulated a Bsriroulliaa utility Tcr moasy.. and aasusssd s speeds! shape for 

the curve utility •*© aoncyj    The fact that £'<?.rnoul3i e.iiggested that ralsa 

is net directly propov*iional to SXXJB*- is what drays attention to Uis MSS OC 

utility.; howr-wers ti» eoaMsation of ntilit i.es according to condition 3 had 

been t-*iil* aseusend by tnsorios c£" pulling refers ths t-isa cir BernoaHio 

All those theories uere basod on the assumption that thi gambler's si* 

should h# to follow ttet couraa for Hhie!* the osg&eted -'Talus of tee money 

•Hissings id "fas most*   STOR if the valrss of z.oney ic oi^octly proportional 

to its amount (the rejection of Tdxioh assuBotlon ya« Bernoulli's ooataribu- 

•fcion)„ it is still osi additional a&siarjtlos that these valaoa should tscusbina 

tiiieon.s;i or gaEbiingfi* 'cisseivsesg. actually wsK-iaati « BegttOttl 1 ian t-.tiT 

'fiift first Etr<Ljm **ppeassno» of BsminsHisB utilities is in tfc® 

Theory of gaaaa and J^gaaic behaviog*' bj John voa lleucann and Oskar K«rgea5tss»3 

where it serves as a basis for tie t>«o??y of games : r. that the «ir«a «J5d 

loas&o are all ejpxassfcd in utility raioaso   In bhi;; bcok3 tfcs ssi-'uispticaat 

iovllido in B«A.v.c*aU!i?E utili'iy i:i£ ;.'.st :?::.-t:. srsplieitly for '-.h* iirsi iiase 

1„ ?on SeuMaim ard Ho&^ans^ern     [1§J 

n,wi(«H«K»i«>;KR«S3v;» f**> mi   MI "TTluiTiHIIHMWM ."" 
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in a set of axicas an the prefca^iK3e-«D-lnflif1f«2,sac© x*alation9 and it la 

x*igorooaly Jamanstrat«d that a utility function with the required prcpar-- 

tdfls^, i-.el>5 one which satisfies conditions & and B0 wadstso   Suhseqt»ofc 

d*'vmlQTsmz&s hsro chiisfiy taken the fens of r**isions in the axlca system 

to get asSous from which the deduction of the existence of the Bemoallian 

utility function is more trancparantj or sine suggesticas for vcakenins 

the system oy omitting one or sere &3±ows.->   the axLcma we give first are 

essentially those o? """on Ntaisnnrm and MorKone*csrn- presented in slightly 

different- rritatiatL..   Later we ohall describe an alternative ay3tera, and 

siiow how the utiaitr? fnr.ct.ion is constructed fr-eza the prsfarsnee relation,, 

2<>2r>2   The ?riniit±»o Uoticno «nd Their Intararctations 

Ciir axioms (and other related &2±csis for Bemoulllan utilities) 

are based a a tars* pi4ei5.td.rs notions t Kr > s and a srisk operater-*1 T&ieh 

will be explained bolero   It and « have fcssn explains d st lesgtsh in tha 

introduction: K is tha class of alternatives,; ant.   > is tha relation of 

subjective preforacrc at? indifference among tha aix-eiB&tdveSo    «s h&s« 

saentionad tie risk curator briefly on. p0 23 of the lnti*educiioao   Let 

x and y oe rslaasents of E:-. and let  •-' bs £ probac.ij_il<y such that 0 _<   1. 

TheD <.<Xa  (1« «< )y^   is a tasc^bor of K ic-torproted c;s tfca alternatives 

sj-ziieh cc-usiit-s *f getting s nil* p?«s>,iVn;i i ,y   _< ... cthsrtijLse KG'c.-tic£ ya 

The bcKtw irit.orpra'ocu wcpirJj.i.j<ins oi' the eyotiisa are juai. ^.hass 

of the form *x .5 ;?•$ e»aro.ng "sXternativo :< is preferred or indifferent 

to alterant Lvo y,;.'
!    He fiheuld note tixavi ci"^ro£.'Gji.wa «TB t.tawparcu oiUjf 

at sure outyasas-;,   Thus to devsrmRa wheths? ax > y" hbld83 «s isifiht- asik;-. 

"If you war5 ijivon the choice; of laving x for certain or y for certain, 



• -Hhich would you choose?"    It is sneaniaglasB to c<E5>»r*B a probability *i   a? 

getting a with a probability   p. of getting ye   Even tsbcra a compound alterna- 

tive,, <^X9(1~ -x >y>   is compared., the ccspound is itself regarded as certain, 

ttoough neither of its coraponen*s; is certain: To say that < < £? (i"-t )y>* 

is certain is only to say that it le certain that either x or y wiH occur;, 

but which eoa is aaGertoan, 

She fact that probabilities eppen?* in cor system vould sppsar to 

involve us In the tharrty controversies snrrsrunding the definition of prob&~ 

biiii^o    Th3se9 hovovov,, can bo avoided to a certain estenfe iqr avoiding 

interpreting^!,;^ -t )y>   directly? ami soaking to interpret i~ only 

in such coiiissts as <^.<"-,(!"   <)y^    c    B '^vlch arc Jj^eed the fundffisamtsl 

case of utility thecryu     "</x(l» <0y^>  jr. a" Moano "the cenpeujid altemaa- 

tive of z with prabsb-Jlaty >   and ethcrtrf.sfi y is prai'erred or indifferent 

to *„"    «*& 3sn savior this coapound<l',z;, (1 •-• x)y>   as an actual plj.yjr.Giu 

alternative, fey euppcGinit eie a biased coin with pxtfcaMliiy J.  of faOin^ 

becd-^   Then <Uxs(X'-  •: )y^>    is the a3 temati-re Khich isonsisfae of flippitig 

c and taking x if it *.'alla hoiuiu and taking y -*f It falls tails*    If utility 

is interpiBfced as a det)5S3Lptive iihearv;., it is not necsanary to spool-f^ What 

It saeant by ao hss pr&tsbilii}-   «*  of falling ijoctis^1' sinoo we a.<^ iiit-ey^Httsd 

in preditvsiig the psrsc^'s behavior Bi-dcii trill dopsnri not on actual prcfoabiuU-- 

ities bat on his mib joc/hive g-atiaato of them*   Fully eapsr-aea,, <^ x-sti^jy,?^ s 

228833 that Hipping a coin o:t ncbjac^vG probability <*   of falling hs&Sz tG 

determine i^ioh of x arxt y is taksn is prsiorred or irxd.ffsrsnt to a*   la 

this casss  It 5fjas5 fessiKLo to «nr*t *"» T.Gjr.-.>vl>Gi» direct rexersiice to numerical 

prcbabiVitiss ami egress Win risk nl-SrtT-naii.ixr^ri tjirsctji^- in torics of tha 

enwponant «'Lt>Brnii'uiVi;f3 aisi ti«£ a5pcr3:ns3i£b prirf'oraK.d to H^tonsina uhieh one 

shall actually teJ« nlace,- 



If utility umory is interpreted as a dsfinitien of rationality.; 

as may —•SK' to interpret tha probabilities as objectives or ratio-asl* sdsos 

these prosorahly represent the subjective pt-pfcshilltlea that a ratlGa** nan 

vcrjid arriTs at»   H03SVWP; oven here we say still whocss to use 5T»jeetivs 

probsblliti<»8 (thus by^pacaing the knotty problem of t*i&t eMactive pf»3fcft= 

bilitieai aro) and arrive it a codified theory of rational beba.vi.0r5 pre** 

scaribiDr. what a rational san wjuld d«3 si-ren iaipsrfect ostiaates edr prsba^ 

bilitlrs*,   'Dv«n vh«rs p/obabiiitijaa aro interpreted aa relative freqasonieiis 

It is important- that t'jft es.px*»s:'.©ns of utility theory arc not taken as 

referring to prefers: OSE over a Iocs saris? of eventso   The probabilities 

refer to tiro partic-.; 1ST evsnt (foeh as flipping tho coin) sines toe choices 

aro defined for part.ctilar alternatives.*   The iaport&nee of this i?iH be» 

COKJ •po^e apparent ? 1 our disc^3DiO£i of tte application sS utilities to tbo 

theory c*f gaaBSo 

V;3 oo no., ts&s as primitive one of the notions discussed in the 

3i3teodacticng tfcj utility function Uo    Tho utility function oaa be dafissfi 

uM^ueSy fxaa tjj prefercr*•? relation onoa a ssro point, and unit of season*- 

RRitfL are s&lsst-edg »n^ hance does ayfe need to bo taken aa prisr&tirso 

11?? fdllo«4Ri? «st oi* azioas for Uernouliian utilities era in s~£5t 

essentials ••» isaMft as those of von Itouarifin and Horgenstexn*   The principal 

difference iJLov in our inclusion of ^sioo /ia3 x*M.ch states that inc"iixfei'«iit 

&lteraat:Jo3 say be sttbstiitit&d for one anattogr to yield indiffsrsn"; ©oas" 

pound rf.'Jt alternati-tres*   This a^ioa and srdcess A»l and A~2 injure tihai asi 

far ac che fo:csial stateraentii of the theory aro concerned? we assy treat the 

ixlr.'icr; of i«?i%ri'Gr©ne3 betttceu two alis.^mtivea in the samo way as logical 

Sd-jitityj loe«y9 -we can substitute tho •BBSS of an indifferent alternative 



• for that of any alternative is a statement 0 and the . Jsalting etats^stK. 

is t£U9 if tin original one is tn»0   Tha emission of A03 fey von HaumCu 

and Morganstsrn indloates that thfijV hssrs takan the interpretation fssr the 

slass E to be ast the eet of indtftdoal alternatives., bo* tha coHaetica 

of ail setts of indifferent altomativeso   W« shall net enter into a disease 

si on of thi:; laterpretsviGa har*s but taer*uy point out tha'.; if tacitly 

zsmmeo sentcj such aaciea. as AO3D ioOD? subctitutability of indifferent alts?- 

imtivBa,, 

A-.t^r stating the asdeasc «e> rH»suas thoir signific&aoo in tanas 

of tha intended interpratatiQp of tho priifiiti'TO nation? given &bova<>   Taiis 

discussion ssLl!  ssr?* BMW tc provids a plausible intuitive justification 

of ***e ajdas and to indie*.*© SUMS apparent countcr-dnstancas of behavior 

*Siich does iiot s&tisiV ths axioms   ffes first pair of axicas*» seating that 

&   i* a vci&k ordering « has bson discus***! JLn tiro Introduction^, and this 

diiseusedon *dLH not bo repeated fc&rs.-.    fcftwr discussing the von Neumann 

HorgaiistajB axioos 1*0 shall present aam cf tbo alt-emst2.TG sxlesa set; for 

B&moullian utilities 3 

In the statsssnt of the axioos and in the following diseus&ioijg 

the Isitsrs *5 yv aiid B with or without subscripts vail danoto ocssbsrs of 

Ka acd  *i a   p 9 and V will denote real ras&ere in th»> open interval (08l)j 

C«^Oy    V *-»   «s.    ~*   *-»o 

.".-•*»i^r«#r*i3^\T^SEr ••=?** - 
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* Axle 

Aol  Either x > y   or  7   > X* 

A02   If x £ y   and 7 > B   then   x > «* 

BefiniUeas   x OJ y(x is Indifforest lo y) for   x > y   and   7 > x* 

r»flnliScas   x > y(x is prefMrs-sd to 7)   far   x > 7   and not   x fc j, 

A<>3   If x 'u 7   than   K/A X,(1«*<)R > <V<^ y,(l-^ )a^>. 

Aob   If 7 >   x   then   y > < *< x,(l«*)y aad <£< xy(l«%t)y >> x 

A„5   If x > y   aad   y > «3 than thsre sxifltu and p" tmch that 

<£', x>(l«%t)a>   > y aasd y > <R x*(l«f )s> 
A.?6    <^ x,(l«*)y     *v <(l«*)y, ,< x>> 

Ao?   <p < * x.(l«*>r> , &-£> >«v<< 0 xs(l«* p)y> . 

Aziaa Ao3 says that if x end y **« held «?» indifferent., than the combination 

of x with probability -^ *ad 3 tilth probability 1« 4.    is indifferent to thtt 

saa© combination with y in place of x^    If *<  is tha prdaability t&st a 

certain »u ii'isissij sa >dXl iraccsady  *hon the outcome of alternatives 

^J. x?(l^Os^> asd      *£< jfld-wilz^    trill bo x iinn y respectively 

If c succeeds.) and s if e failSo   2ki oHtvar cae&? the outecaees ai* hald &s 

indifferent.:, hence it saems reasonable that «".ha tso co^ouads should be 

indifferent.* 

Ao3 ^ery dearly rotes out an interpretation for the prl»itive 

notioas unctsr whiea a preference fos- <* *-£*«: sloaris-tave- ssy <*k x.{l=«tVS 

is takeri to uscan iftat a person prefers to receive ooKmiodi-yV' x In nposporM.Oii 

•A   and y la proportion 1« ..<   in a ltrjg carlea of jjaableso   As an osfiag>le2 

if x is a l<*ag 3^1a&i^s rsecrdj y is 1X3 ordinary records, vs> night have x 

indifferent y3 but if ri is a long playing record player2 probably ^3x,   S'£S 

will oe preferred to ^s£y3 o'Jia^> if the probabilities are interpreted ay 

relative fraqosnc&cs,, tsas •yJ'J.ata.ng "oho axiaii*   This sss^le is s special 

«a«««!»»«.f(aBit,-iw-ct.-«^.. fl^lMVMaiiK^'^^^nMw^SS^TAVWa^ik^"1^ 

- I 
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^ case of complementarity 9 which wo discus aad in the Interaction*    Oar 

interpretation rules cot the possibility that two alternative* x ssd z* 

may complesEont each ether by stipulating that at most one can besoae eetual: 

ioS.e sot both can actually take place=    If %» accept the frequency later- 

pr6tation9 ys ra-^ixttrcdnoo the possibility of eoj^&aaBctarity by supposing 

that more than one of » a«t of altsraatis'ss can actually occur-;, each one 

happening at SOPSS point in a lame seciuattes of errentoo   Perhaps the best 

way to avoid iia> possible isir«S!«idLua of cffis&CEueatarity is tc adopt the 

interpretation of K aa a oet of possible future historiess and then it is 

clear that at moist ess can ocswr, 

& oh states that if y is preferred tc x then the rj.ak caajia&tion 

of x with probability x and y with probability 1^ J.   Hz,,* batwesn y and z 
i 

in the i>?*£«r5sce scale «    Tbs following argument Justifies the assumption 
I 
? that <Vxj(l« -<}y^>Xo    The possiblo outcon»s of <xxj{i~ u)y^> an? 

jej just x and y9 and each lias a positive probability of <je<3H?ring5 sir 
1 

By hypethesi»3 y ie preferred to x0 and of coarse ~. Is as gr*v» as x* henra 

jjo matter tihat happens;, the outcome of <0. x*(l= <n)y]> is at least »s good 

as Xa   Moreover 9 thsrs is » p«5®*ihili1ar that the outcGce will be butter 

than Xj, sires y is prv-iforrod to x©   Honot. *e assume thai <^< x<- (!<=» JL )y^> 

is preferred to xj an entirely analogous argument justifies the ass-saptisui 

that y la preferred t» <«tx«(l«   '. )y^> = 

A0£ states that if x is preferred !,c y £i«d y is preferred to s 

fir.eap y llss b5t:?rsn x «f«l 5 oa the prsfsr&noe scaLe)? then there ere 

PA suabilities   J.   BJSI  p   such tijut <^-< x. (1    ..?. )s^>   ia referred to y and 

y is prtsfexi-ed to <§•   z5(x<-> £ )*^ °   2J axiom A«U; *«9 know that both 

<dfU x,(l=- -<)a^  and <£p x;.(l - p, )s^>  vxxnt lie between x sad *j BO A0? is 

a kind of continuity axiom which says tihat ^hataver y >» ohooet-, iyin.^ bstaasn 

x find % on the preference scale   there sra probability mixtures of z ani s 

5 
/ 
I 

._. 

-T.-V.--.- ; •  .. •-.-sfr--- -•^^i^iwWy-^^B^flgms^N^ -••£ay^-: 



| 
lying on aithor side of y0   Tha85 far eaanaplef. if y lies very eloee to st» 

we should sweet that the -c  ouch that  <-; s*(l- •* )»*> ie preferred to 

y wo iLd hsve to be elecs to I5 so that x would be nearly certain to cccur« 

A<>6 asnerte that too oliwmiivo of jetting s -sate probability 

end y with probability !<=> *c is held as indifferent to the prospect of y 

with prtfcabiliiy i»*«; and x with probability * • "Fhs tsc vsroepssts srs 

actually Iti@stic0.l3 so the aadoi is S^siifiedo 

AO7 oo^cs essentially that ths svaLoaileQ cf a. crssps^nd alt"i*s&tgt<§ 

^"x 3fe(l"» ~ )y^> depends solely on the enroonents s sr<?. y aed the probabll- 

iiy of reoeiviiig etah>   The caly possible euteoaas of ths prcapeot 

their occur:*im are  4 p aaai (1«  «< p) respantiveiyu   Bsnca5 if the ovaltja- 

tion depends solely on the cutcoaas and their respective prebabilit-i£3n 

tfcen<<R < :«,(*».<) y>»i (1«B) v\>» wast bs indifferent *» <+ p x,(l« *g) y> 

It ie werthJhalo to ncte that the -very feet that we have tsken<* x,(l- *) y^> 

to be a »et$;er of tho class of al'ternativsej and thus to have a defiuits 

place in t4ss preference sealer, represents the taeit assmaptiGn that the 

avaluatioB a£ nlwsivativsa with rislca expends cn2y en ths $c?2pessai alters 

natiwe33 and the probabilities of receiving theaio   If more than the variables 

XJJ ys and «<   *«*.« involves in tz'Jis^ssiS^z the place of a risk alisarn&ti'w** 

of <<*.ac$(l '»0y^>  in the prct's^onoe seale9 it would bo meaningless to tallc 

of 'the alteraativa' <«*Sa(l« -t)y^>  9 assd its utility* 

TiSrrs ars sassy types cf behsvies* 'EM.eh asposaf to vicCLfete th^?1* 

axiOHSj soon of tihich ws have -jisaninEd in ear d3scusc-i.cai or tho sonoiotarxsr 

^qaiirst'smv («hich :ls foiraalized in sxlcaas A*i ana A02}0   fhe following 

£?" behavior.) w/sUsh doas not cam utterly irrationals contradicts A«3o   Let ^0 

ys arjd z be., respeetlvelyi, uin a dollar^ broak ereng loso a dollar j then n 



• 
cofig(3rv«tS-« better night srabsats a ,6 pr<*^il«ty of winning a dollar 

against a *u probability of losing a dollar an inriifferent to a certainty 

of breaklzjg 3vens 
-^    £ 1       "*W mm 

He~*?g>i8 ho sight pi<efer the prospect <*5y? c£x>   to ^35<£6ac5 *Us£>p «^^ 

(thus violating A*3 shieh stipulates that these prospect?? should be indif- 

ferent) 9 because the foncer offers no rfisk of less, and a possibility of 

gain9 whereas the latter admits possibilities ef both lose and gains   It 

may be ergosd that the above described behavior is irrational in that it 

la difficult to coiiwelve of any particular ebjeotiva tihich would be bast 

served by ^ci«^t in asaordaarc' -rath these proforenceso   However 3 tiiis is a 

asijaiivo asgcNStt^ and in the "bssneo cf any clearest definition of ration- 

ality 9 it- «etild be responsible to deeBcnatratiS conclusively that vicue&lng 

"rrrschak'*" ham cited the ssasple of r»ountain dishorn for whoa 

it appwsrs >its& taking a certain gftaO. but not. ecro risk of baing kULad 

actually i sd-'-G to the eajoyssnt of the clisub* and 5.3 preferred both to 

cliabs yith no risks and to eliiabs raiicfr havo a vsjy high jrisk or certainty 

of dsath-»   'che "gass" of Russian Roulette affords en even rasre clear«cut 

-•—=i--^n—2. tx? £bft SSSKJ kind.    In R^issiaii Roulette^ the w°r??.!!!bJU**,n is s^•-**?????^ 

to spin the chssbor of a revolv»£- niiica eontnins wiZty uuw cartridg©-, aud 

icLtbaut seeing t&ers fcbw ehasber steps- to press tin smz^Lc against his 

band and pu?l the trlggero   Russian Roulette playert evidently prefer t*s 

taks a ehsjana (1/6 if ths rovelvrcr in a ~YJC-shooter) of being killed to 

the other available clt.orn?.tivag of not playicg at ell and naTing ths 

^_^4,.=ii»4.-.-T .-?<' i^i^ Kg-irK? HTigfi.    PrtK^^-r^thr *•£>«? *»otld altso nrefer to tslSB 

their oaottarJS of Russian Roulette -Uum to accept the ca.ftai««ty of bedng 



* 
kUTLsd*   If s is th? sit********* of be'LoK killed »«l y ia tha sltemsw£**e 

of living., and ^ is the chance that the revolver will fire,, then <^K xs(l»    ) y,> 

should rapres^st the altoraatvre of plcyiz« Russian RoulsttSo    Then fey 

ssg- player wi havo<U z^Cl" «< )y^   > x and <^«< Xa(l« u. )/^>  > ,y«   svtfe 

thin violates axiom AoU0 fras union it is o£^ *» show tteat not both a? 

the above tso conditions can hold-. 

Analogous examples? besides tho rather bisusrre oaes given above* 

of bwuivier ^jhich spparently vi<»L;it&H axiom A-bs are easily ^ujUoecWdo 

As in other instsns&s in which the ttr;l<s2 RS«BI fco be violated* it is 

possible %o "explain »*tay" those cautrhei^esainplec by cl«Iraing the*. wa hewn 

net chosen the proper interpretation for the sat K of alt^rnativeeo   It 

eesES pl&ixaiblu that the deliberate choice of high ris.css as in the ease 

of BnsBian Houlette,j could be exjjlained ps^hAkogiealiy on the grounds 

that the individual resizes prestige or aitentioDo   If fc*» imagines to*& 

attention wil3 be ijaiaad *y perfccraing tfcs gssbl^s ihsa be believes that 

ssrs thjirr £ust tte sax^j&s "Tstaoasny ~ sad yr> of bai:» killod or otawj?? 

alivo^, ore involved in the rioJc eodbiaftt&QQ <£< ,ic(l~ .-Oy/» c   Our argument 

in justifjentien of axiom Aoii relied on the ttceva^tion that an oat&s#9 

say y0 of livinga tslree as a par© outauns*-, is the a&as as the catccse c£ 

ssttii^ y in the g^^l?* <f»* %(!•» -<.)y^>   o   But our Sussien Rodette 

playwr erviusniSy balia-ms that the future to be ©xpeoi'3'3 if he liv&s through 

his gaaoijQ ia different fi"«s* the oso ha weald hava 11 fas siropiy live- «uiu 

avoided the gaffibtffio    We atsy get rJx! of easres like this by demanding that 

tbs ssss?© aefe of gambling en a sta&-;inat3.e£><^, x- (1 - -i)y^  cannot altar- tis 

outcomes c<Tapr-ieing it©   Hcwsver0 tho price of this "rld^ansft'* is very 

hi£bj ?:'.n«fi :f»r ni«a«t »JL1 £8<sblos.< the gaiablisg itself affects the thix&; 

gaablsd for? Wxis safest rsqr bo indtreets on tne fact of harins »»n cwosy 

5P3^B^SW»« 
• /•  
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-Sir- 

by g;s*fjlOiis KS7 iafl'jessc the attitude of aodsty towardo too gae*>leflr0 

It wans best to steier a ai<idlc course*, not applying the theory to situa- 

tions in which geatfllng itself is a yr*amsisr&. slsssonU and hoping ««t *** 

theory in a close eitccgh approximation to be nsafal elseahoreo   We shall 

enchanter vary f^nm^r considerations In aor disisassiaa of axteo AoT*/* 

Ao5 is si kind cf sBa£aan^urabi3:i1y', asleep and we would expect 

to ZxiA ao^U^adisting instances iii situations in which the alternatives 

enscared ar» so disparate as to bo irMSCHn»iisTn,ablec.,   Let Sj, yp and s bos 

respectl'wsl.yj got ci» penny? est nothiiigo be asseutedo      we 5535* suppose 

that x is» preferred to y and y is preferred to a0   £*5 then asserts that 

there is »os» probability   •< 9 such that <£*< TC~{1" «0s!>   is preferred to 

ye that ies taking a chaaas   A   of getting a penny and (1« ^ ) of being 

executed is preferred 00 set garoblins and getting sfithiEg.,   But it Biga% 

Tssy «otii be that if there tare us? efeaseo at all of be&sg killed, the 

person w:u2;1 prefer sot to tals it iuct for the possibility ox vdmdng a 

pensp'o    Hbe'coar «• ft3t mien behavior is national appear*! to <^p^nd «± tJss 

persos»s sdilingsess to «c?roit that thers essisit probabilities far wiajsh he 

would take she risks la qoestiono   This is cao-tsected «5.th shat is perhsps 

lo   Anctia?? type of behavior vioXstiiJE A<4i (ff'ad possibly othsrscf t&ese 
s^-sgs'V ssciirs v>*s«»* fhs nll-*iT:atd.?s ctitcaaei? thf-assclvus are acrfeLon ssc 
strategies in a gatato   For those kinds of eltematires£ it is in jsenersl 
is&oesibis fco define Eerncallian utilities ec.ri«iatont2^ 0   Thia is eiaply 
another remv.nt*sr of the CIK-S with tiuieii 2 nast be &efiasdo   The fast that 
the a&t of aotooiQ3s9 S? eannct contain sobers which are themselves altex%» 
nati** coeerrma of notion iu a geasD ssikss certain econoetde applications of 
th» theory «ff gases dodbtfols si-ace £ha ob.jectiwsB in &ny given coor^mie 
situation lasgr often be simply  to &-each seansc-ie pesititins frsja xhich tla? 
gainB aay bs played farther to adrastagOo    Vfe» ahsil d5.a?,.,a3G this in neve 
detail in %s*» fseotiosi un \ha «.".ufji»iO".i probLscv. 

20 This tonfAe «aa suggestod by sr*ajjog<?sa e^aqpSss given in uap-ublisassd 
SC«C:S   Ox   iisXSXs eui'-i   jJBarefi»a 

' • --—: "^TTniE"?f*?'{M'i' " 



9 one of the gravest defects of the system of Barnoullisa utilities* 

ns)nely0 that each parson is aasixsssd to be able to evaluate rim altesmtlwss 

for all poosIbJje prcfoabilltdjfcSo   Possibly this aesuaption is ^ostified as 

a pas*t of a definition of rationality? out it aeeaa absurd as a desssd^- 

ti»>a of aerial behavi?w<>   Xa parti«ulari, it is very questionable whethw 

probab:\li«4«f \?ery close to certainties nave aoeh psychological naaningp 

and the os are .lost the pi-obabilit^es in question in oar exssjua of 

"lr;a«cn(«ia97ableN altemattveso 

Ard.ce: AOJ is the only ceftj **iich aKESsts the esistecoo of an 

alternative >   Therfsfcrea if K is a set of alternatives satisfying all the 

axioms ss3Si.it Ac^y and I' is « subaat cf K« a fortiori^ X» also satisfies 

these axiaa iu    In case X does contain ineraa^issnrable altoraati.Tris.. wa BB^ 

ctivjcse to isolate a subsets K^ of cau&iSiUiifabla altsmativesj then the 

oTibsttt- K* uLll satisfy all the axLcsss,, and it will be possible to construct 

a Berooulliiia utility function far it.    Thuo<> for aoos purposes it isasr be 

convenient 'vo cGufiids? only alters* lives xxxn&iy comparable to getting a 

dollar i sad leave oat such exti^eara altar native as boisg croeutedo   For 

ftflah canzaHkHTurabla siJaesi of alternatives SB obtain a BeruOullian utility 

function*   St has been sho»jns~ that the entire set of elfcarrativea<, Ky can 

be repress1;rti.sd i>£ a sst of points in a mult.i•••JiaensioaaQ. "eector space in 

auch a isy "hat seta of easasngruiiiaLe alternatives ii» o** straight ii.^s§7 

and wb»re utility diTferencss far points oa the li*?* ere proportions! to 

distances between the points o 

PJisallyp tfesrs are saxs? iasirirwea a£ behavior violatiiig A„7o 

A« WS would sspeetj, these »e instances in which the utility cf n risk 

1,. Kaaansr ind Wends! [.35] «   •What we assert here can attsily be deduced 
frcs their results* though strictly spooi&jyg :.% is nscassary to add i£» 
farther axIc-ia   A«,3*   If at > y   then  <£«t%£U> x)«> > <^y»(l«- * }a> 
la order fco obtain tho dutdred results    'io3;t is dedueiblc fros the full 
mrt of «2» txLoBSi) but as* fro* the est ifraa ';tbich Aa$ ''.s deleted,-* 

"~iwiiigrrrTifr'-Tfnffr 
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c<a8>i»«fei«m depaoita <s& more than stap3y tho oatocisas involved and thw 

probahltltiag of reetirlr^ each*   Tba typdetl counW~ii58t&n29 occurs tftsro 

garibliag itself is of vain*-   For exatqple:; repose z and 7 »x» winning &od 

lowing a dollar,, i^»psc*iips2y9 *ad ^ and  p are both &•   Ao? assarts in 

this ess- that <?<£«* if> , ib"> ~ 5a3irf«ranfc to <<£»* 3/kr>   i 

that is$ that £ bat of taking a 50-50 chance of xinMng or losing a doUar« 

er ali« losing a dollar is indifferent he takiug a 25*75 ehaaes of tdoniag 

a dollar against losing a dollaru   Tha actual probabUli-tieo of winning a 

dollar and of losing a dollar are in both esses tiro samsg «a»ev*fs Jsi 

gaahlss are imrl-vad xn tha first alternative ^sress only one is involved 

in the seoond-   Than if sewend desired the excitement of gambling for 

its oaa sake,, his s&ght actually prefer tha first alternatives and this 

would contradict the aziooc 

fh* above ejsapls is scse-shat sissjlar to the ease of the mountain 

oLtaber cr the Russian Roulette pXwsrj and it sdgat appear that the teo 

ixioKs A«I* snd A.>7 stand or fall together because the counter-ossicles vio» 

lasting thss srs of t5v> sscss tecs a   Tasrs is.  hoasTSHfc a ogyfcgl!! diff^BPfSS* 

betw»n the ease of ixse Russian Roulette player- and the parses «ho enjoys 

gseisllng fer its cwn SPJM5 in that, as v& notedp the Russian Roulette player 

prefers his gome because the outccss of living through the gas*>le is differ- 

ent from and prefer&bltj to the alternative of living without gnnfclinga ,anere» 

as in the case of the ?m±i v^o enjeye gambling^  t-li-u m% of possitls cstsssss 

in tie gamble   <Cp<«< 3&>(1-*0y> 3 (l»p )JV>   may be tha sau» as the oair> 

GCR&39 in >^V. p Xg (1« «< p )3£> s  f*1^ *be protjOBS of rot&iriiiig tissss Outcome 

is different; in the two cases o 
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10 Ssaaslaoa [27] An important addition Lo 3o.im»lson3a axiaas included 
hers was suggested by Processor Hosard Raiffao 

'    - w.i• ^fe-i-^sri;-. »• ii mil Ml IIMH      '"" * " '-r-:    • 

-I* 

2cj&   A. different Approach 
_ i 

The foiioxing axiaa sett, siisilar to one gi?»n air tfaxu. Ao owiususu. 

shows « nctaswhat diftevot focaallsstion of utility theory,.   The chief point 

at diffsx^ias lies in the oenaralization of the risk cpsrator to inciwis 

risk coabisstiaas of more than two alterriativeo^    This is of course not en 

essential f^rj9rali*«t.i«?G? sines it is fil*?sys possible to form risk ecBwina" 

tions by repoated appiicaticri of the risk operator on pairs of alternati'seAs 

my* ^^ faifBjl't in either case !«* the SJSHCJ the derivation uf the B««moal3J.«ii 

utility fviu£sior»,    Eis oxistaues of this funchisn for the two systems shows 

that they are equivalent* since this iGoiirit; that both sets of axioas are 

satisfied,,   This last assertion is not quite truo in the case of the axica 
• 

sy stress ws at* ahcut to propose? v® h:we chosaa to iapeso two arbi'-rasy rc« 

stficvidons which need not in general be satisfied by a eystea for whiea a 

Bernouiiian utiliV ezlatSs.    Those restrictions era net of gr^st ccs^o^isal 

siguificaas3r. but ccrra to sake Vae dei'ivati?^ of the utility function pax-ti©- 

ularly easya 

ilic new syolsii is based on a finite cot of "baaie" alternatives; 

JL=JU «A r.    Ih36c t»v be intQi^rsted cs a set of .snuuslly easiUisiVtf "wii^e" 

proepecto-j    ?rc?» thena larospeots as a b?«ia, wo can eon3t;TOci arbit?£izy 

risk ccajbinations as fclleWBi   for i - l««,v.,,n«   <Tla.^'is a riek proipeci -    x 

interpreted as getting A- with probability 1,-.    If X^*...*:^ ars ris? pro- 
le 

owacia   and     ^jta»; «t.   are probabilities s*och that   £ .'.1 ° 1, thpn. 
.i—j. 

«^«<*2£. $    -t-Xg^jftw-.-      4,^ )>   isa risk pi'oapede    «w *&•? censidsr any risk 

prospect  ^^CjX,^    rt.Sj^.oo« ^R.
5
}^   

as ?1 ticket in «. lottery *«hleh awards 

2«5 o»c5X;.. aa vwiacO;; with probabilities     x, ««:-*; *<,     i^spesti^relyo    In 

i 
-<i—-• 
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lo    wo /jtserfc he careful to prohibit tha ©i'istsaea of lotteries «8aich saram 
thair ct;n tickets as pris<?% or ehiah a-sxrd as pri~sa ticket* to lotteries 
which in turn EHSM pvi-»«;» siiLch Are tiel*>ts to the fii^ot lottery o    Such a 
ri-tuatio?: would ari:5ss for lottery tickets s^yy,  acd 5? tshsra x « <^>5y.>o53^ 
"3d y r <*e5*s<>2»,^  2f -19 l«t*«ri«3 arc= rtm off ia temporal setjuesee;, w» ami y r ^o 

K23b cJeaond that tho prises is* a. lottery oar: be uit&ar crss ox the basic; 
albamatAves or else tickets to Xotteriorj wb&<& are run off latero 

20    The "associated15 ticket nay be uatfiasd j&dsctivsly as fcllo&e: 
(a) if x «= <£i%>        * •"J' 3.9<»<-o.'«s thou .r. «*•   ^QX^9aot>sik^9000sQ&^ 
(uCSit^Ci  on p<r.   5°) 

I 

sexsralj, the lotteries award prises ubieh STB 1*S«IS*1T«3S latiaac? tiek*teB 

since for any sat of tickets we aHo=* for +*& existence of « lottsary which 

awarcta those ticket*? as priaeso1    Let K be the total set of lottery tickets 

of all types bwilt ^ la this ray*   Tf a person ehoos«s any one of tte aera^ 

bars of E (io9*<> as? lottery ticket)9 then ha receives whatever pris*. *^*»i 

lottery yields raen mn of f 5 if that pris* 1M another lottery tidkstg ^lafc 

one too nast bo run off to astsraine •Hhst the person is to reeexvB<,   xa say 

case thougho ^*hat the twrsoti finally receives is CMS of the basic alternatiTOSs 

"ince these are the ccly prison vhich are not themselves tickets*   It i» 

assraosd th«t free; ar,cr>g the entire set of "tickets" It2 person most choose 

exactly onsa sad tharsfore shst ho finaDy raoei^es in jem* ocs of tl» 

b-^fsie altcraativaOj the one resulting tvtm x^s particuXai' c«to<sss ^ tis 

lotteries involvudo   Farther .matij •sach tickst in assosi&tsd with a definite 

probability of recci'.lag the basic alterr=aiivosa   To each ticket^ ~0 thwr^ 

corresponds a unique asgoclatatl ticket^ :% of thn follorrfjjg types 

(that iss tthess es&y prises sre basic alfcarnatirao);) i£iich has the saa© 

prdbsbll tty ef 5ieli5±n^ ea«ih of the basic ?l/;.sran.*i,snn as doss the original 

tisi^o*1 

Fiialiys t'ssrj :ls s t>refer»i'«ji5'-cr"inQiff<?rsnse rel?tdon? 

defined ovor tJae elass So   The oyste* thus elbtaimd can be rogaroed as the 
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gcnei=a.Uj«ftta.an a£ the eyst-jra involving preferences aasjig ti^k cGufciaaticns 

adt  just titru wuveCmwSo     ?«» risk Alternative       ,»< Xg \X~-   -A }y lit thfi ^Sl 

HBnttaraMrt«r2*notarn oyst«» cam be Interpreted a., a lottery ticket to a 

lottery yielding only prlsee x a?jd yc    (*=Ts nasuse that ths ticks! holder 

Kstc sssctV ark? of tlsi prisess In ordiacsy lotteries it la possible t« 

gat no prim* but this caa be interpreted ac the pries of "getting nothing) 

In ons rtwrpact the pro want system is les^ gQuar-al than tho previous cns| 

it starts from a finite set of basic proEpaetSj of wMeh all others are 

risk coab^natioas.;, and there is no reason to Slippage that this nhould be. 

tho oasuc.   The restriction is not fondajaEiTbaly thoughp but serves to make 

tie iii^t^a&iillisi aero and tho derivation cf the utility functions siatple^ 

The ©onditi---nr *rhich s, B«f7?j7y2jLL*T utility function raost gat**-'1' 

Sja our nssv system avos 

(A)    iafcr)    £   u(y)      if r,nd only if   x   -   yj 

(Bf)        u'^Vl3nof:'   ^k'k^ ° 'l^2!* * ''j:,t' * "'k^3^0 

dearly? condition E: reduces to oonditica B (page ) in case k ° 2, since 

for «*£ "*-• 1" *l2 as*   ^ x^s^s    ^^Z^ w   "V^i^ls &• -<i )xx /* ' henes 

as in condition Du 

"sing the pr33oafc sot of ssi^sr HG shall bo <ib2a to giro a -rotr^ 

sisEple eonyfcrootion of the Bernoulli®!? trfcility runetion.>    In ordsr to lacks 

(contsd frcsa p0 58)    20    (b) if x<= <p1ii?vUoS Pkyv>    and 

« <> 3 S iW5 

then x =U p, ~- J  a-,.B6, lz p. «<, ) A J 
i-i -   -l    -        i-i 1^a   n 

IWII—mm'—~rriaiwm'  • 



• 

cKQQm 

this e^EsfefttffSion possible *ra have sss-ssd that thsra is a finite set a? 

basic alternsti«esc sad thai- at least two of than are net indiffexwnt (la 

ease all of than are indifferentp then all the risk eaqpooeds are indifferent, 

-~^l  *k>.   --i<14t_   -a-—.-A-* —   1 1—        n—>.\ mi _»—   .»_-«_„__ .—~   he   ««•»• »«y   •,^M»»««II    i >••   wtAjr   u»   nuits;,:       :uuic   fluts   KMA • n,»wim 

Bol      2:   establishes a weak ordering over K; that is 

(i)   either x £ y   ear   y   >  s 

(it)   if -x   £   j   and   y   £   ss   than x   £   a, 

flat D£.f*in  ^J3  JSfJBC ,"*sii«»»<M'^1--   •    2- "i   "=~= ^ ^•.^'"•-•a."?"^   - ^"« •   $»» ^SJTSE  "•*     =£ 

Va ftnrthijr assume that taw basic altemati?as are errac\ged In descending 

srder on the scale of preferences 

B02   A,   >    AJJO 

B«3   1  <v  I. 

BsU   If a^A^^j, i «= 1; -..oaks tien  ^-^r^sao* ^2^^^^y*i»»»«9«VJr
a> 

Bo5>   Fes* i - 1, *„»>&., there exists e_ such thai   A, «%#<«.A-.(l-e. ) A ^ 
1 i iT        i     XT 

Bo6 <x A^ (1-t) kp,   £   < B Aj,  (1-0) Au>     if and onlr if   x 2 0 

We shell not ettespx to dismiss  -<&G above set of Cud.cs»s Irs ss* 

sane detail with tt£>ich «e dittousseu tase ^csi N^s^ffi-^forgaostesa KXLGOSQ 

(bcLcra 31 is., of coursaf tba §iUi*G a« axiojr-g AX IWJI A»2 of Ton Heysan sad 

Korg&astern..   B»2 states enw .•tfsaTEapt.lon that thetv? s^s ^. least Zzo slt^rns=- 

tiros th^.t are not iiidifferetito    Kote that A, and A   lie at thj* extreass 

of the soate of pyefes«enceo3 mth aH other elter.naM.ves lyi^ bstsee&i 

/~ Axiom Bo3 if) Q sort of goEeraliaatien of A«7 of th« xror. l\^;^eni>*Iorj_:en3ters. 

asiGESs that. is3 Xt asserts tbat tl» evel-a^tion of tba lottery tickets 



•Si 

«6L 

#*| dt;i>cnds solaty on the basic »ltersat2*t»9 vhich asay eventually be received,, 

ii»d the probabilities of Keeelviag eacho   3.,U is asalsgoaS to Aa3i • Ml^ °? 

«&siit«%ab:lltty axiom stating that probability coa4>inationa of equivatosfc 

alternatives are eqx&valeaW   Ba£ and B»6 together serve the sane trsa&s&m 

hare as ms awiTrod by A«,li and AofJ Ani tha •en Netiaumn^Morg<jnatern qyatooo ar» 

lii fact, As*3 and Ao5 can scsily be; derived from Boi; asd B*6»   B0> .ssserfcs 

tliat fop axy of the basic alternatives tfa&re ie SCEM probability combination 

a* tho exfcrssss altornativesg. A1 aad A^ which in equivalent to lt3 and 

3.,6 afjscrfec that in prsfcability ctafcinaticv23 of the extreme alternativa8s 

t3» one v&ich gives tl>c greatest <hanoe tc A.  (the most prefierred aitarn&tiva) 

in the oca that i3 rxv>ofcrredo    Kova 1hat df a*iua B<>2 is net saM2i*ied.; io6o3 

if A^ and A^ are indiffereatfi then all probability ccs&insticrs! of A^ and A^ 

are indifferent., and B06 would net be satittftedc, 

In ths foUot&ng section we ifa&jl use this «*iora est 3n con.'3tract,» 

ing the Bsrncalliaa. utility function for the class of •'•lottery ticlsetoswo 

2 &   The Haggj^jg gheoraag the Coffrixoctiori of tha BercgilAian TJMIiijj; 
Fonctlcsix the tf^ic-ieuess of the ifcucraior* 

0 

AE KO hfe-"'? coid abowa.; the printd-pal MCS mads of the. axjcaflflj as 

fir :>UJ applieaticr-5 oistsids of utility theory itself are concerned;; ic ?•« 

dfsrive the sainiaEce  :>f th£j Berne.CLlian uii.3Ji.ty fnssii-aa.,    For exanpl.'Sa in 

i!s* theory of gssass,; utilities as.v; ~s«--? SR the nsdises :lr. rchieh the p3.;?2j©3fcfl 

in the ootcc&sn of the games era ©apswssedj cad tho preference relation 

itself doet; not enfcsr tiiseetly at allo   It ic ercteGmely itaportanfc the?** that 

the aadosa given are sufficient to guarantee th.3 eaistsa*® of thic faiotiojij 

a.od for thi* reason-, the ssain dsriiratlcE iron the eaicas is the* '•'mapping 

,_.- 
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••yew 

. « 

9 theceea*3, which asserts tba osistencs of t&a Bernouniaa utility for prsf-- 

s^ucee satisfying the axioms» 

in teas jpart ^s indicate the construction of tho ntllitsf ftowfeiaa 
2 

for » prelaws ?dl*tlon satisfying tfc© arJ.oias of section 2*!»o     Shis «5BP> 

iri-roctdoa sorrss the du&i faaoaLiir. vi sbvsaug that a Svrt^ccilliaa «S«JLlt^ 

function oatistss ^ihat tee aapiricel significance of -the eonsiaruefeed function 

loo   vm BaassBaa has shesn3 that a namxziilijm ntiliiy fcnefc&aa ssist3 £«9? 

pAsfesesoos satisfying tba voa BersEinn^Hor^ns'tern .laicac*   BJS proof., 

hoH©ver > is? quiw liKjgr, attu no se »iIX not svsn atisspt tc skstch it hers 

tret xdJCl confine curaolvieo a»re3y to static tho rG>:sult» 

Suppose z is any of tbs ccspomicl lottezy ticfents in 'die system of 

ssstion SJta   AccrarcRng to axL^i E-»3* 3£ is lisid as :u2d3ix9Z'Eis5i to ite aaBuci" 

atsd iio&st x? mc.vii y£*«.MB as pi-isos caly ilia basivi sXtes*a2.t4wwS3 6mp«*+s&_« 

Stppsss *c 1, •..,«<_ SJ?S? i?OBj5octivs3y? t&D }r^dbabili'-cy3s 'Kith TjlsLeh AJJ,*.*;^ 

are seacoivod inib i»s»5 

35 " <**1AP •*2A2*-"» *s/u:> 

Bv axle* 8*S> each c? VIKS A~ is indifferont to ao&3 oedbinitica of tiis esfcrsE© 

alt^'nativap; iU scsi A^.$ thsrsS'csra thss© cnrLnt probabilities c. such that: 

A/w  < sJL,3 (1~5..) An> , i = l,.,„n. 

By Boh* the lottery ticket on tho right of the? abort?; ejrar^gsica casi "os si&» 

stituieti for A^ in iha tieSot i?« sad as GCL;-.i7a2.a£t -lidtet s^s^ltas 

£ » <*2hj> Va9 • • *> Vk?MW ^1 <sA3 (1~ei}An> - ^2 <bria (l~p2 -Aa^   3 a • • 

lo   5hs csiSKving tfc.eorom io so eallod bscauce it asserts tlztvb tfcs altaEsattiros 
eaa ba k^p«cl onto tho reel tssSssra (vie tlaj a^alits' fut^tloa) 5JI siMsh a ?jssr 
that, eetteiti iupcitasit 2^olatici^iir>a aaoffig ultsmati^QS aare ?3fIec*uQd is 
paTalioi rai.;~.t:*.on^Iai|)3 asitSLg the sjoarffQSpt-uu.ujg. nanSj€3?3« 

3»   ven KsiB,naii and IioygeRs4®rcr?  fc.?]   Xi.pptu.6is* 

^8HM ^"WMii Hi' •-as^Biiaaa.r.taaagigasSsS'SJSiSa 



lat y be dB&wd: 

Sr /i   -   > a -^ 

«y» is a eaapoood tiokst (a tietot \afaose priaae era the t3*fc»*2 

^e.-Lpd-c.) AJ>), and hence has an eqairaleat associated ticket,, y*» 

y Is the ticket which yisldo as prims only the basic outcoaes which can 

be yooairoa by playing oat y* «ith the probabilities for thee* ulternafci-rcs 

as given by y itself»   The oriiy possible aotooRSS of y are siagxly Al3 sad 

A^ and the probabilities of receiving these are^ respectively;; 

JEitt 

„._n    x a. 

n n 
£ -<..(l-fc.) = 1~    2    ,x-f 

i=la       x 
2   «<..e 

1=1   a 

Therefore 

n 

y-flvA* ^iVi^ x-x 

Siase X <%*'Sc s   x <*>=? y r and y <•%> y? -thnn x «,• y. Hsncs foff all x "Chare is 

at least one lattery tidrot of forra y (i*o»*? an aaeoclatsd. ticket shicn 

yields as prissee only the basic alternatives J*^ aid A.„) to which z is 

irdiffersnb*   It is an easy eoasoqoQESs cc? asiea 3*6 tliat thai?© is at 

stoat cas tiexst. of fc-25! y expsivalenfc "bo -g^ no •%. xs equivalent to a unices 

ticket of tfcs fesa 

<T-t A,, (l**t) A> 

-•^ms^^^^»^^ii«s^^%^m^^mimsms^rji •.—«(;<*;•     - -JfflmWtgi?f*>*Pi 

_ «_ 
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Let x* be this ticJsst,   *fe can now constraint tba utility function dircnSly 

«a tss&s of the ticket- a£*»   That is* if x is aoy ticfaBt* and 

»«"«•!       ^    r*""*?^.. 

a(x) a 4. 

The 8borr» two equations iwolyr 

xryi*   *  <B(S} ^ j (l~u(x))An> 

ajadlgglfg if 7 is any other lottozy ticketj 

y <u   <u(y)A1, (l=u(y)X\,> 

and ^ axicra B«6 

if ani so2y if u(*)  a -4y>*   135s?sfc?* z S y If a«d only if u(s)    2 Ti(y;s 

and the ftmufcice*; % sald^flas condition A«   To skew that u 5s a B«me«niBn 

vifciliiy it 1* oaly isneassiy to sfeoi? that it satisfies condition B»«   Con« 

aider iaw ftuokst x *  CtjXp,.., -^x^     5   by tho d?iinitioa of a. 

x. «-v» <t:(x. K,,  (l-u(x. } )A > 

Tharsfo.rej according to asioai 3«U5 

<^1x1,,..J ^^>^<<1<II(:^)A:I,<1"U(KL)AI>   ,C.„ ^ck<i:(xk)Ai;, (l-u(xk))A^ 

Bat fiiiB nseuei&tsd tickst cf -ass cespsaxA tietofc en tha rigit above ist 

<f 2    A, u(x, )) A-  , ( 1-    Z    A-  u^)) A > 
" *iJ3.   ~ i~-L 

fesaee 

ti  (*C   «C,X,3»«»?  AX.  > )  ~    J    U.   life. )3 

»^-«a*^J^55»|BJW»WR«^'«''^-« 
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Hence condition B« is eatdafisdo and u is a Bsrnoouian utility £unetioa<» 

WB 37S now in a position to understand the significance of the 

utility function thai ^ointrontada   We have seen thai for any coapeusd 

alternative, *> at is indifferent, to tha lottery ticket*,  <u(x)A,, (l-u(x))An> 

Easae* u(x) is simply the probability such that thn altern&ti?e At witS* 

probability u(x) and A^ with probability (l-a(x)) fie indifferent *o ** 

Since u(s) is a prebabiTity» it most lie in the interval [Oel]1 iaSc 

0 S u(x) & 1. Shis aay seere surpriainga bat is easily explained -abac as 

consider that we hstfa taken the worst alternative., Aa, as the aero point ox 

the sealO; nnd fche bests A-JJ as the unit point;, ana that- auu, ««*»• a** 

tivss lie s-arewhere between A, and A   on the seals of preferences and thero- 

for© between tissi ia utility vales a   To tsS» » eonerete osamples suppose 

that A.sooo.yA-- are altarne.td.gxis of r?c»ivii^ incases of different «acu 

ranging fron a Billion dollers a yea? dean to airms a nj.lli.on (if that is 

pcssiKL*)- <2a the average- far iife0   T^esc can be ranged in dollar inereagatsg 

and A* i« the prospect of receiving a million a year and kQ (a *= 25CO09OO1) 

ie the prospect of lotting a milHono   Then ts> arbitrarily select A^ to have 

utility 0 and A* to have utility 19 and *ss expect ill other alternatives to 

asve utilities seaeuhsss betwasn 0 and !«.   To dotezmno tha esaet utility of 

a prospost:& ts.t «iraply detsrririnG tha probability u(x)s of which we would 

believe that a ehanco a(x) of getting a roillion a yesr for life ard l-*i(x) 

af losing a miHion a. year for life is jtiet an avxsn trade with x itssdfo 

"ilia arfcitssj;^,- swlsetloa of £ aci*o poiitb and a unit poiTi+, ja **JS 

ufcllity scale is entirely consistent mth the conditions A «nd B (or B')s 

defining tJici utility function* It can be tshctiri chat if u Hauisfiss ths«£ 

ecndiiicit,9i ••*sn «ny other function^ u»$ related to u by the eqp»*4on 

u?(x) = au(x) -'•' b. 

'"•^wa^awRW***^^ 
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Cohere a and b ara any real ms*ers0 such that a > 0)* is ala© a BarwwilliAn 

utility funotioce    This impUan tbat (at least aa far as ocoditittss A sad 

B are concerned), the choice of the particular utility fu/jetien is arbitrary 

to the extent of the aelsction of sero and unit pototso   Ouoo iiwsv points 

are datara&nod,, however* the utility fuaetiea is flssd uniquely* as e&? b* 

seen fro* oar construction of tho utility fttasrticn for the system of section 

2oU Sn vhlch choosing A   and A. as scro and tudt points is accompanied by a 

rmtqa* detaxnrLoation of the utilities of the otnor alternatives ( Jo 

.   ^iqpa^MMy^yaiiMwBEfgMj'>\ .•gasMK—** ***— f"1,"^ymjjiynnirr" 



%a Tied Tisucieion Problem 

ton eg ^Iss Decision Problem gag stj ft^iaLo&mip TO utaH.tr 

B» dadatffla gacoNLea to tfcich we refer in thi? »ection is steply 

the prob3baK of deddSaffo in what is in seas sease tbs "besrt" vny9 agaong a 

naber of aiternativo courses of action*   A I'mosy of decisiea procsdaass, 

like utility thereby* assy be interpreted as either a dafinitim of rationality 

epanan satirical theory purport3iig to describe actual haaan behavior? 

lriill1?,s in porticols? Bav^erLiiajus utility* i» «.aM to be <* special case 

ef & decision theory s becsnss it spates fee choices (i»s*9 decisions)5 la 

situatioac in *ebieh the oatceas of tho selected aorcicsi ii^c&tttS risk*   *s 

& daCLSitioa Of rtr»ion&li&•"« J^irnecuiiaft utiii'w prvviuSS Scfteiu prlnci-* 

piles or precepts shieh it ?an bs plsosibly argue;', a rational psfson should 

foUeii in sacking deeisioiin aacog alternatives involving rieS:*   If the fSftv* 

natives under eonsiScratisn iE?c3:«7*> no aero then siwpXa calculable proba* 

bHitaoS (s-och aa «r^ -aaensjlified by altG^nsti^ss ^&ose outcomes era depend- 

«asfe ea sweats i^"* th« fall of a coin or- die* or a lottsry)^ it is Ssrd to 

naang4mt om mcro rotas of rationa"'! chcica beyond those ircplied by the asiasm 

of Bcrno'jjJJf^si utdliiy*   That- i£$ gxs»?« ^ W?fc of basic profex-eross and 

iKfesneities of preferences* SKioh as cssssc ors entirely arbitawsy aiftf bases 

not .^assrAhsd by rational rules**' the axioEs of Earnoullian utility fully 

prescribe t**e preferences csoiis the risk cos&lEStiaris of these altornatisostj 

bsnee ©aspleifily ss&SS -She decision prcfttsK for choices .sr^-cng aXteraativas 

iihich involve rifikr cmy* 

I*   B3i«jT5t for tie sequireaeBt that the proferanao crdarisg fco "eonsxatai&v 

2e   Sea 2«3L fear discussion of tbu iseuiilsg o£ nriGk1!'j 

. .   . . 
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fp OBJOO ws get beyond, .simple risk combinations of aitamativsso as arc 

onoe more ccnfrontcm with the need far principles (either pareseriytiva or de« 

serlptifB) of ehe£ee «aor.g these enlarged aena ox aiiernatilfeso    L»t tts extfBine 

•one of these new kinds of decision sitOAfcL«a»0   We zxHed in the lixt-redaoticn 

f^«4   saggigSj   s»3ii£i#jwyi   4mfMf««k   <iwyy4v^*|hf-    **•*   *SSSSSSf3   **"1   *TS^^•--      AjS   **   •stwgiigg^ 

sat—jdls of a dsedsion under unoortaiul-y there is the 'Base of the man trying 

to decide between "ssaJMng boras or waiting for a bus late at night viton be 

does not knew what ih*> lua:» aehsdulo is aiiri wLoiiisi* the last One has gOSB* 

iiri-Kh-in +>>» WMIM r>f twwwt'.'ldurt  "TO-Mann Of *?il* 'iraa •uhiah It Im IsnwHbasifc to 

try to hand&e systematically., are atatlatloal decision probleseo   Scab, a 

problasa arises **en s> fira attsspts to decide on the basis of sase sample 

oziwt w^sfcijwi"   ;iw auuw^l/ ur inject a wvuu J.WU G».  t;uOuoo     JJ»   WUS wwp   uuu 

sgtss3, soEncsi'jlCEi of tl?s lot (the percentage of defective itssss ^"ffiii" it) 

is unknown., and the ccrpway aiaa to eeeept uoiy Iwts which moot its standard 

and reject only titoec t&at do noto   The coqpany tiien has to decide using the 

United iuTcoraaticn p*-CTi&d by the s*£gl3,i   The uncertainty that is imr<Q.*Bd 

here lies in the fact that the eo«g>any doaa nob k-ioa at the tins it makes 

its decision Esther it mdw the right onej or evotir in most casesj -abut the 

probability* of an es-vr iao   Rather than attempt to giro any clearer 02pcait4.cn 

of statistical decision probleae hore.; ve shall dofei- extended discussion of 

then to Part 3«.'5<. 

Still sneth£? kind of decd-sion is l£3?&v&£ aisbu uuiking moves in a 

g*w»a~    Th» e?r?ts,5l feature of thesa t?p£« Of dae'etons JJS th*t the final oat» 

p.^raa of nntr tyiurcw of «»?fi.0Y»  d3ps»nd|i not only on the  action«   OF «3. *j.'tl5*£"- 

knoBS or ^xskssan x*andc«i faetor3a but also on the actions of en opponent who 

may be rational and tay to anticipate ths other's aeM.cn in ardor to torn it 

to bis own axv£Ldtaj?ec>    daiics ws arri^O at ibo theoxy of gfisass.;  the EasteiP 

^vjw;j^^?gg^wB»<waaw«aa^yisgsiiB,i.ii pwsniwsii air**** 



• for whom modern Bertaraiilian \itaii.ty «ns created aa sarsanto   AS «• hsvs? 

presented the pniHa^ of decision un^r nncartJilntyy decisions in gaa» (  

situation are elsjply spt^elal cases., in that ttbs result of an action ia 

a goo is uncertain to the eacfcent thsft it dspeodfi en the oposrwat's aet 

as TsiLU   stariew apoaidai^ U» tsEa "uissBrtai.i'5 is tt-osH?- vaaai-ued 

fee- alteratives ehose octecm *x ccasplstaly dst-*r«dsBd by the act chosen 

(ioB-ta tt» *deelsien")o pins certain randm mrente., of which the relanraoA 

prs&ab.ULi ties srs not Smown, and are aot dsp;xiu5.ijt on toe uctiess of & 

calcol«i>L% sppS5iiisna   £h? differ^***?? b*ts=*a». decision in gjsse situations 

and decisions under uzsertainty lies in tha fas* th»i the outcona or, ass ;y-1 

action in a gsss* depends «« ads of players Aess own aetici<«» append in tarn 

en ias first player's a«iions mm&mma tha oxsriusr-- fuci-crr effectd?*; *"• 

outcuHe of a darsisicsi under unssrtainty are in*^3??d«nfc of the decision raado 

For s*=?3Ele? In the qeeetion of whether or not to wait for the buso and if 

co? for hov loon* tii'>- outceset depends on tbe mxn^e decision and on ihs 

actual sshednls fSLLsxed ay the bass   ItaewsTg lias tus^s schedule is Icde** 

TJend?nt of the man8 s deeisicn to Ksit., so what ve have ia a case of uncer- 

tainty 9   This could be easily changed into a gscft aitua+ienj, ho*evere by 

sakiag up ft laalerolent schedule tdiieh directs that the bus sroid* us much 

us possibl^t, picking this man up„ 

1*   Scias ox ilw distinctions a?^p. here sad elseuhera stand in considerable 
philosophy doubto   Vfe rsfs? psrticxisfflj to ths notisn of *lr«a9pendeni»a 

used here? and also to the distinction between risk and uncertaiivv}'c depend- 
i»^j) as it 35353% o« the distinction b#t»w*»n "knoun" and "unknoaET* probes 
bilitie»9 and on the notion of "ranooHcass.,®   While ^s do not agsee with 
those who Htr.ld ralegsts the s^t-ivity of <^j«*ifi»ation of thsee censepts 
to tha aiafec of useless phlloi^aiaing (ind«edv it has been Just etch 
queries which have been at the voot o? the cany ^fesmslatians of statist 
ties su'jd gsat thesry c£ reoftnt yeara)> *3 belierra this i3 net ths p^^sa 

A -t« attenp-t such itirestigeticnso 

WMM!^w^aaaiteaiB«BaaiswiiBgww^^^ - - *nmm* 
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% Having tSsao sqsaasieed th* differstsw between ga» decisions esd 

decisions uradar uncertainty,; it remains to pcist out that tiw te© profclsss 

are aufficden&ly trt«*t«T that It ia possible to go SUM* dlstanns is treating 

then before it is necessary to aafiae the dtstLmtlorL,   liven than the dSatiae- 

-Mnn a«7 mimLeod by inducing ens to believe that decision problems ass defi~ 

nitely of tfie kind or the other f) vhsroas tha fact is that nany problems 

involve elatisutet both of uncertain^ an*? of a gaoBo 

Vfci j&svs said that Borraullian utility theory "solves" the 6n&ls3.on 

probleri in the special ease in T&ieh tba final cuteoaas depend only an the 

action chosen^ and on r&ndCR i'sctors ror tshich the probabilities ar« knotio. 

The solution consists in the fact that each of the alternative actions i* 

eqalyglsg! to «c»lj»e-fcl;Kr sc**a prcbabiiitar ecsibiaation of the final ontoffaea 

(analogous to choosing a lottery ticket for tihich the final cutccsoss are 

tha prises);  and bsr«3 it is possible to assign a utility to the actions 

iiissmslvea •Khdch is stripletsly detorasiuad by the utii Sties of ths conseqocacc-s 

of the actions and tL: probab:Llitics with vbich they CCCJSTO    In deciding on 

a eeggsa of action^ then- cne simply Subsets that with, the highest utility. 

In passing to the general decision prdblc% vs still b&va a set of possible 

actions and a act of final catocesss and it is useful to rapreeant the 

final owteeaea in tens of ttesir -^ec-aistsd Ssrx^ollisn ytilit&eso   fneg 

in the theory of gan»s3 it is useful to represent the ptMsible rewards 

from the gJise in terna of their associated utdJ^tisss   In general.; too 

ebjsct., as In tha sass of alterirv»ti7ea uaier risk,  is to de&srmine which 

of the available actions yields ths best cmtowae as measured 1st utility 0 

In the cam? of alternatives uiidsr risk3 tha best action %-an that one 

~ -which itself had the highest Bernculliaa utility (i„3s2 yielded greatest 

impacted utility of autocracy •>    ka i*e shall ^sc.; it is not possible t« aseirai 

ss-sa 



BsmotiUaaa vrt>iliUss directly to tho alternative astiaos in the general 

decision prs&ljsaj banco it is sot possible to salvo it by selecting the 

action vf.'tft greatest ulS€lij.ty»   39verfeh0l©68.3 ths> rejxrccsasetiwn of t«& 

ctsseoEse as uUlity payasBbs loss Hazy avvaiitaass.    F»? cne things all the 

*±ss\ TAysiss'&n «<*!? «adns£d to eoBearab3» ans?sfcitig3g '^aroas the actual 

physical situation sa»jr involve payssirfce of vary disparate kinds- HDZ3» as 

3odUu. pr©atisa5 i&afisyj foodstuffs* etc*   Secondly;, chsssa events ms$- be 

included aaong the possible cntccawjj since Bc^aoullian utilities are de« 

rinesa "es» t«asa SB trail as ror certaaat£eg«   The cieple relalion between 

the utility of a *=isk alternative and the izMHitiss cf the sure altarnativec 

•af «hich it is eoiapoaaded has pixifound catnsoouenceo for .sll of the thporiss 

3c2   gom^Ligation of tbs pecision ^r^Mas^ 

Is awu«?danee with tfe tassiinology cf Ge^sM-cfc and BlaskuaiJ.^ 

i» shsXL speak of el\l dseiG3;.an aitastiors as gss©s5 though in fact aB^ 

gi?*n situation aay involve no eGSBpetitaLv© .factors at all*   aaah "gsaen 

will irwolve a mates' of "plsgrers" -aLca* «© csll I»2j«, a3no   It is to oe 

understood *£mt the first player is ta« OOB in *&ose decision ioe are 

intnraovb^ sad the ether Mplrys?'nn~ 2*2.2.23*1 sr? M-5 Q*?s?>Q«e?/fc3R.3.   Dhe 

teradndegy af g*n»9 is «s«ti o«ly fen? <».on?enisnco and "Mfomitye   In 

~nsr=l- ^* ^l.s^»?S- eapacially the o??nr8«s?*g» n^sA noJi be frtsaau beings* 

1*   Socb sf this H&terial is drasc 2MB Garshiek;, MjA*. and P.c Sj»«kasll5 
Theory of OgBgg and Statistical Decisions? to «hich 1x3 ara daepiy indebted* 
fEanvdi&SS esqeJEoyea'S©re*a1!fFo?e cons&der?*3.y fr» th&lrso 

•^gMyaaHBW8B8WIB^KSaa&MgMtft •..nsmv»T»-*nnts, 
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» 
and aay b® ss» JfissSsrs "abioSi inflsance the catesans it* a decision aita** 

tiaw   Asaociaed with eaijn pJLayWj 1 •» l»29«»*9n, is*»ttf poag&fe 

"action** ^5 *hich «• «jQ!l call tte strategy apaae of player io   Kaah 

play&y 4e asauaad to wto bia decision in caagttete ignorance of anat 

choices tfce opposing pl-ayeis hero nad»9   wiwa each pl&yor has morodj the 

eutoona is dete£35Lasd«   vss denote tea oatceaa retmltisg froa meres s,j>»»«,sa!, 

ECe.s**«jj« )•   B» eafc of p^ossibl© ciitecBaa> ^ssn3 ia ifee eet of events 

S(a,s**«#s ) for o-rary poasiixUs combination of action?; by ths playsrss   Is* 

confor;.iLty with our terasr notation^ vs d^nots the sab of catjooaes By £• 

For e$ch cutcsaes k in K. thore :Lc a st?t of "payoffs" to tJa 

plsss?sc>   Isstsad of jerking vita the p^sffe di*?4?*Xy- es shall ssk si^i 

Basawi'tlisa u&litlas sssociatas tdtfe thssu   Ths nlillity tc pls^r* 1 «r^ 

cotasno k will ba denoted tajO?}*   Thsm. for each sat of &*»«4.«is« Sp,..,?^ 

by the placers, tbsra is a eorr©?»ps&3i»g payoff in utilities t»-(E(o^;,saeSa^))« 

TO seeid the eosbsrsfssB notation •n.(]£(»«,*,*«a.));, «c« let the faacU^a* 

Hjfoj?•• »?«n) represent U» utility pafoff to plsg'sr i« i«a.? 

H- Kill be called the "payoff function" for play^? i* 

In stems ea»«8 it is iiL?pprcpri£its 'to npeclt of utility ps^n—z^s tc 

sows of thiu players*, ainc6 in fact they asy reprosoat inaniaata factors in 

isSH sssjaiw that u^ and K^ arc undsfinsd fer tbe "pl^s?3 i ia q««jticn* 

In -tite case of statistical decisionsj th£ only aauffiat® player is planar 1$ 

s»i his cpi*^2t is isture^   In t£±s casa ^J C3Dig2ats plts'sr i's utiiif^r 

and paycff fwctiOE?> ti and M« csoittiEg tho subscriptso 

VfoBthsr or not ih® oppesing plo^srs arc rjsir.»te5 it is plaror l^s 

prcKleri fcy dxoose ii^sa tte set S, of actions £TO,ilcKle to hiss that action 
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s9 ^ich vili yield his the he«i outcome,,   This is» the decision protdscu. 

T -A «ppjty~ oho sbstract echcRS jtsst set *op to sons ccrawete 

tdtoetaonso   A special., trivial case is the "gasser" involving only one 

pghmm* O2_«I r.Rfr^ihln action x and p»ya£f function KL»   For each act x bo 

receives utility H(x}9 and henca bis dacisiC2 problem is aoxvea b^ —l-*^tf,z-t 

that action for tfoich the utility' p3if*aBnt is greatest*. 

THn mngt obViOUS application is to gSHCSo     Th»  8iffialest g8BS« 

aside from the i*-psrscsa gaas5 involves "bat one move fcy each of the player;;,; 

after vhich the payoff ia made*    In this case3 our gchJ^as eta b» *u>p2i<7vs 

direei2ye    ?«e te65S3 available to at?/ pise/a? i = I3.e-.3n are just those 

ef the swb Si and i&^Csis «=.*£«) is plassr 1«« payoff for mot/we s^9««^s^» 

Ogees of a •sea'* wniimlj.e&tHK aataafs^ involvli^g several ssssesj; csn be inedneed. 

to th» wc^*•» through the use of what are csUsS ^sir-atWELePo'"*    suppose* 

for the csfcs af ei2spiieity$ -«•© aro con:^<3eri0g the 2«-perscn game tie»tae-u«ea 

in «bieh player 1 has the first neve*   A strategy f<«" plsy« X in this case 

is some yyi&sr or set of rules which tolls hin uK£o,u:lvQcsl2y -shat move to make 

in ev«zy situation in xshich he may find hitaaSfe   A strategy for pQU$er 2 

is defined in the 3aae %jny«>   Than clearly if the two pliers each pick a 

strategy Is advance5 there i? w» reed fte' tham to plsy the game cats besaase 

they could hoth tell thoir amatagiww to a. r<3fsree *?ho could ear^y «*t tie 

isdieatsd asiras aM rietaraine the sinner*   The ea^e is new reduced to a 

siugl'3 5*5«i by sash player3 naaalys picking a strategy frtsa aeons the stra- 

tegies -ahirih are parnissibls according to the rules of the gacie* 

If T» call tee choosing of ths strategy by a pls^sr his "Ecn^e"., 

t-sj hs.¥t> reduesd tS,-33 gatas to a cee^aovs fcs!i??>   In the saesrsl gaiss. sitsatiai5 

the ae>ta S^   (t&ich «s have already designated "strategy amacas1*)* are .1itst 
dm 

tbs avai2^bl'P strategies to pic^rer i9 and the £SKG consists of ,ta£!t oat- KS>¥© 

hy «>«ch pl^ye;?^ the aot of shoo^L^ a strategy* 

t^i 



. 
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Ais yot wa hs.c« not RBKti&sad gaaos xahioc. ixrrdkvo eLtaaea mores? 

fcwuugh fcfcoau «?e S-ndssd tfcs groat aajcrity of gaass «?> tew»   Arar gases of 

sssds* fttp ^san**!*- iTwoiTOs f,hc caaacs factors wfeich datarzsSjns ii® carder 

cf cs.tv3 la ths slsfflsd dsclt iind t&arefw* «**£<*> osEda ara «3oalt to sshcsii 

A strategy 5n poker teQ&s tfcs pl^or jawt i&at to bet (or -whether to i»itb>* 

•issss) aisd Iff there is any leemy in. i\asdling has cards*; hos to do thato 

But ovoa if EULL tho pisses taw® doiosmsd on wsaffcain strategist i*» 

osicaeo of en actual play of & gjxs3 ic not dotermised cosKiiL3tc2^';, bacsass 

mas daTxuoK; slsc <ss ;shat e*>ivs sra sstoagQ?" -fealt..,   Qas way to txea& tMs 

situaticia ifi to introduces enothsr- plajus-j pX-agrar n * 2a with available 

strategies i^-a TAJCTC. tea night c?Xl H?Kt\'.re': and sio dstercoines tba cotcojES 

of fill ctoaaas oestrraijeas©   In tow caee cf pOiSSE^, 'Jibs chases oeciirpaneEs 

are ccsfinoil to t~s§> shafflings of tho d^ckv. so tha specs of natara's &Xx&i£>* 

gjbas* n j. 3J3 jasi t&s set of po3;:5JbGLc 8feai'£LingGo   Than for sash choeLcB 

of ste?at»gy &s by tha pic^ars; ami erdorifi*; of oho eaz^ds by natar©. UJ 3 

tbero is a t.nicjsa3y datcrmisoed owicoss,. ECC^J-^^SJ^IUJ aod payoff to ths 

F<<r Eui^sr yeaeon© it is not dialrablo to Include smother playst^ 

"nature1^ HIOSO moves a^aj 30 to opaak;; blindr, Bsioog the set of &ctiv62^r 

caapetirg*. £clf^ints:w8tod player^,-   Ths actnal sAv.rS.on to a particular 

ci3Ci93.cn piHrbiSia ccpajse iiOu cru,Y on "&22 »Oici"tJS;=|iH3 •%V&3-i£U.v!.c \>© GiiS p*.^£S*Sj 

bat also oa tfaeir activations for plssring, represented by the payoff fmw» 

tion8»   5bs ioclosion of a playox1 v?ho actsr rfindosly s T>jitboat -activatioaj 

laaaes i&at ft oi-iTOatioii inrolviag thia i£-*?3 of plr^t*s" canaot ba analysed ir? 

tJta ssa^ wsy £is ceo involving CI-J,;/ ir\b&11^4i&ntlj" ecspsting pl^oiN1?,;   Our 

s€ieord E-athcd of rsjynesenfci^g 29«K.-;3 trith rjsnfioai ESOVGF. a'joidis tba introduc- 

tica of tbis additiooiil ol-^wr-*   ?.:«t us f cs- c rao^snt iaasiae the n *• l3^ 

^»jwHas>.-.--r^r?i; A^«pwiaiii« £• i 
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playe? *»H1 inoladed in car a=-psrsea poker s«Wo   Then Tor strategies 

•p *».,,•.   for the regular players^ and shuffle »_»J > there is a aniqiw eat- 

cow ECi2«»»a»»»_» UJ)»   Z*t us suppose tha'»> there are only a finite 

ef styategiss yii»H> -to natnra (as is the oas© for esuffl.«s of a deck 

of cav«s)j T« label these   U/j, UJ2J«.* UL«    Baoh oS these lias a definite 

probabiJLitjr    .c,, <,„<,«<,      since natures sovec are randcsu   Fer aach 

choice cf s'irst^gy by tfca players s,$e«»«s   we can define tiwi -risSc outness" 

E'Cs-aooojS ) idtere tap all j = l«0.o;B 

if iU=    occurs*   Thus E'(a, «e.0O9s^) is tlte risk alternative 
j i." n 

in the notation of part 2*U»    In this way, aa extended set of ouvcca»s3 K5» 

is defined^ icdiiding r3.sk outecraes frtei the former sat of out-vssss K„ 

Bemoullian tstilit5.es are defined for risk outocneo? hones we can «e£ii« 

new payoff irttictione li1;.   for the players- and the new functions arc related' 

to une cxdg5.EaX ftt&etlcns M. by the equation2 

s 
H*.(s-,,.u,s_)    «•     S   x.H.(s.,;. .lwss ,  UJ.). 

I*    In general., i&esa probabilities    Ajc^..     need sot be irafepsridsnt. of 
the choice of sti'm^^^s by the other px&y<3?3«   Ths «ics thessslTss iss? b«* 
funotioas act fc,o9>93no   Isfcat ic crucial is that; the playo**© knos tlas p?<sb&- 
Mlitiss» and Sos they depend «*» their cen choisiss a? strstegyo   In case the 
piracy** do not kDOH ties probabilities:) it is aot possible te carry r<ufc cba 
reduction here ootliiKdo 

20    This fcJloss Sssssdiately from condition B*5 pi>r59iJn 
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Wa hero applied tie foiRslisaiiez! so far only to deaislons in 

gBBBSt the save ochaBB can,, however, bo ufiod to reprssect decisions in 

other than gamo situations.   Ws have montdcned the decision problem unite? 

unr?artaiatgf*   Shis can be fossalated ss » »«3E»H with two playors: placer 

one, who attempts to make the deci:d.on9 and player two, nature^ who w& 

be ia ons of a nanber of "states" eboufc •<&ic>h player ore ia ignorant* 

Th» ess'tiuna OP 
fist?atsgic8"* ?_v»;*ilablc to player one and nature arc, respects 

iv©2y9 S and XTt , and for each clioice of cteatagiea s and -O- by the players^ 

there is a payoff S(s3  It,' ) in •at43iti.ee %o pis?er one*   It sates no sense 

to talk of a payoff to nature, since it is aa Erased that immre is indiffex* 

ent to the eefceews*   To rap>f<53eat the problem of the sian trains ** ^ae4te 

ha» long to ^sait for the bus before he gives up and -(talks hcae-, the san's 

strategies are just the sot cf tics internals he co\jld wait before starting 

to •Bt&kjj and natore's strategies sas 3uot the different poaoiblo tiiaso at 

tshieh a bu& might lesee •**« efcop t*srs the -san is ^aitin^   Once oaa and 

nature hsro chosen their etra;»gics5 the oobecoo is certain: if the waiting 

interval chosen by the osn is sash that a bos arrives in it* ths a»a rides; 

otlisrwis) be aaLk8»   •I'berefera. there is a ^efinits utility for the Ban, 

M(o* LsJ) associated with each pair cf stratsgies s sad  UJ- 

TJali*® the case in ^Jich nature's choice cf strategy is Eado 

&eoi«T*i.ig to ksoan prdssbiliticGj ss in gasss of chanee* it is act poasiblo 

tc suppress natare8s roiLa in the cteexsioa "^ass* uj ittescfcoisg risk out- 

castes in the case of uncertain^*   In the tss exasapls, the tjen Hill in 

genaral not ba able arealiatic-alLiy to ascigr. defiaiis fcsrshsbllitiea for tnc 

arriral of a bus in any internal of waiting;*   If the tosa did know, f &• any 

ronsibls interval of -Baiting* a, a probability p„ that •&& bus TTOOM arrive 

n +hat internal, than the prdaL©Et oould be simplified as follows*   Let UJS 

• •••:•:•• •  , 
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w be tin strategy of nataro of having a bus araive in the interval sc and  ui 

bs the strategy of not arrfrrlng In that int<5"?V'ilo   Then for each Interval, 

B9 there is a dstinito ra.sk catenae 

< pa E(s; L0a),    (l-p8)E(8, U5S)> 

That Is, & dianas pjg that the bus arrives daring ss end (3.<=1?B) that it rises 

not arrive©   If K(es W) Is ttao utility of strategies a and  W , wa oan 

defiae a pss"off fuiwtloa M8 far tha strategy e alone by the equsfciwa 

M«(s)    «•   p„H(8, U)a)'* (l-p  fo(s,   US.)- 

'A"(z) is simply tbft Baraoullian utility of tha ri*»k alieriiaii?© giTsas sbcr?-., 

Fran -shat se have shcon? if it is possible to defiss prsfcabHitieei fee? th* 

tinaa of arrival of ths bus,, then ue can r« chics the problem "to a 1 parson 

gar» for tfiidi the decision problem has a trivial solution* 

3o3   Klaocd Strategies 

Wo have said that the sets of actions or str&tegifla s.vailatile tc» 

plgyars l**o«»&. are aL*»*o9»n«   From any gi^m set or actiaos5 ts±9 available 

to ployw 1. v& eon yinea'ato a J-arger set of motions in the following way<> 

Ssppess 8i is finite., end consists of tba strategies a.,00oas «    Then instead 

of choefting or3» of the strategics ontxisht3 player i can let sense shears 

de-vice decide which strategy hs> will use,,    Ths chance dssvies aajat then giVE 

a car tain definite probability or.   to each strategy a^., where 
E 

i<*l   x 

srtnee exactly one strategy anst be ehosaao   The aot of allowing the strategy 

to b» chosen by a randem dsyio* is called s gissd stratsgyo   Each «is»d 

sttfatagy is repTosenhed by A dietribifvisa ftssaationj <? s ifim-pe for i a ls<!«<smj 

W {a.} is the probability with «fci.efc strategy »J «*31 bs chosen;.   To be able 

I      I I MIIIIIIIIMIIMI MBIMI   || inn, n mi _ 

iaa «*««• 
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to distinguish the original sat of strategies firm the nlzsd strategl**, 

we sill refer to tha original strategics a* pas* gtrategloao   !iha sat oX 

possible sdsed •tr«t6gi-~ far player i 5- Jost the set of distribution 

functicns far the strategies i.,,,,,*.   Va denote the cat of sdsad «rmta- 

glee for pisser ip   j.0     we ow «uvisiaa an sni&.iged gass or n pisF*r* in 

ifcioh .<MMesh person's ao«a censiate of picking a ndxsd strategy from, saoag 

those avaaJLd&ls to hlsu 

Once these strategiPB are picked, the grss's outcome ie dtetaaminini 

t«nildwv wSuSyt fee rands: factcrc„   The «nan* ra*±ai-m mar «nt*r at two 

points* firsts i*» the operation of the chance dwioea which determine liEleh 

ef tha pare strategic!} the placers ar# to follows and second* at 

moves wLtbAn the play *>f the gssso   Sines the probabilities invdlM-! *« 

t>-> chosen alsad strategies arc knowr^ osss the strategies are pie&sd a 

dsfinita pr*£bi'ii*5 can be assigned to each possible cutscas of the pl*y<» 

fiersss a choice of m5ioed strategies is associated with a risk mtconso   T's 

illustrate in the case of a 2-person gaasss aw>pwa» -ftjo.,.,^ J, and 

•ft,»».ojt ]a» tha strategy spaces of playera 1 and 2 respectively,,    Fos- 

any choice of pure strategies s. and t. by the pLs^arss tbsre its a unlqero 

oateofce E(ali»t1)o    Let playisr 1 now choose te pljjy according to mixed strategy 

o (io«o» to vliu^sto su with probability o (,s, )) and player 2 to play according 

to the '"ti-'Sd gtr&tagr   t «    This ciiciso itself dstaisinos tlio risk oateoae 

E°(  o\ T) which is for I • Igo^.n* j • l9»oo*n to gat euteoH» E(s4S V») 

with probability  e (a,)    (t*).,    The risk cutesss is associated with a 

Ps.»nx0aliian utility.., and a payoff function H' for the rainad strategies 

satisfies t£e condition? 

vn     n 
M (a. x)    -    U,(E«(cr, x))    =    Z      Z ff(s.) T (t J K (s,, t.). 

i-1 J-l      x g ' 

•W8WBWgBMMWBWMBWwe«aMwwMiw^»<Bis^B^ag^^;a!g.*wts'^eaaag^tgj«jjaTO 



9 Tbo reader can tasllj generalise this to the ease of n play*rs0   Hsnoaforth, 

we atvOJ. use M^ to denote the payed*f function to player i both for jwira 

strategiee and sixsd strategies* 

It say bo asked why ndbad strategies should bo considarftd among 

the possible atniegieif car «oticu= Mtrlch £ person aigiit tatet la a decision 

situation*   Sines a raised strategy La only taking a chanes among « rss*?«Mr 

of pis** strategies, and a pora strategy oust eventually be icrHoishi arfwsy, 

it ndgiifc be thought that a sLaed strategy can be z» better than the best 

jj«F» st£«uvg7 cf these sagas shish the »_*:•»£ ar&ratagy eolecVso   If s for 

example, the miaed strategy picks onsi of two pare strategies with eqoel 

probabilities, than it oust pi«k cud of these, and it aii&t be thought 

ti»»i. ii» b«et it <ga ilc is pic's the best pare sir»*egya      Than why net 

pick tide is the first pleas?   To anmssr this satisfactorily ve shall have 

to go ware deeply into the theory of gazes and t£e concept of a solution 

to a g«BOt   WO can only hint here that the eonoept of a "best" strategy is 

not clearly defined, sad Hks-t i» games against ar» intelligent oppcsaab, 

choosing a sdxsd strategy has the afreet of Baking it impossible for hie 

to predict vhat action sill be taken, and hence vhat affective ccustsr- 

wasoras are requiredo 

3eU   Strategies in Statistical Oases 

Siitistdcal oddsic-u orobitsg s=n b« rsp?<essnted as gsa»« between 

two play or* t plays* 1, the jrUfitisfciciaijj, and pl^/ur 2S SatQjnSo The statis- 

tician is assumed to have definite preferences as i» the cutvcaa, aadl •»irae< 

lo   Tula is precisely the heuristic arguaont given for axicu A»U, p« **?• 
The fact that t-bls argtMsnt breaks down hero- &n^ the reasons vhy« suggest 
important restrictions on the range of application of Berncullian utilities.. 

a!g*f!5s5?^^»^!wi5i>«ii»ww^^ 
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ie «««Md to be indifferent*   StaUstiaal dsci&ier. pr*jfcl«se «re distinguished 

fr« general profcla«e of decision vote* uu©srt-±n*y by the fact that the 

at«tl«ti«ii» ean cbtain sens infoxsaticn about nature by eaqpierlEesting or 

••^iiiM bafowM its Kjucam hxm d—l«lca«    L*t us sssresej that tha statistician 

hail a (feflnlto set of final actiooa, A, aawng *nlah ha must eventually 

choose, and that the aat of possible states -AVJA Hatare can ba In Is  yJ 

QiTsm a eh«d<»« of action, a in &, by the statistician, and a atate   f   in JP 

of Mature* there Is a ciafinlte outeoaap E(a» ^ ) which la associated with 

a 4«!y»fi ia u'*41i*<«r M(a, ^ ) ts th? steMsMfi&ie*   We rssst ba careful in 

tha oaao of statistical gases to distinguish bstwien the asta of actions 

and states* and tha strategy spaces far iss statAsti^An a&d Satsrs r*93g»e«fe- 

iralyt tha strategy sp=aas fss? ths t«s plsyers ars denned in tont of tha 

bade «art*i of ectis^B* but also involve tha poasibla axperijoBots wLioh tha 

statistician can perforaw 

Besides tha £ lnal actions allo-sad the giatiatieisny ha la also 

allowed to e3pe$&s«a& to obtain infonaation about, llatare.   We nay divide 

decisions based on asperiaant into too categories. If the nature of the 

e*perissnt to ba parfomnd in c<sapletely detsTslnsd in advance« as fay as 

the physical operations ptsncroiid ssd obr-srvatiess sade si-* eone*yn««is %as 

sorrespoistting decision problsa i.s caiiod a aingja «gg»g5.5Wgfc gsaaf if tfes* 

eaperiaantal cperaiitjua *r« net dst**??.?3d. ?-n advance,, but, s^y vary aces^v 

ins to wist ci* previcus obeexvataaris in vh*» exparinsnt h«-.te b-sen, the 

deed lion situation is called a awquentLil yS50 

Ida asay illustrate the too vyptis of 5j*psri<ssat by a single stats •» 

tisral  **«d<sien problttio    Let u& suppose tfoat a iBanursetursr e? eiusetri^L 

scpiipaeat has reccivod a ablpnent of XCCO fusQS9 tdiieh he suspects may «en- 

tain so h:li*i a proportion of defectives that it v"i!4 be .^KJTC profitable 



to retera tfc» lot to the shipper than to as tasa Is bis sqfclpaentj,   He 

•ay <feaid» to scapla the lot by selecting 20 feases at randon «ari tooting 

the* to find oat how emny defectitea tfoew are Is the ssaple. and ttem 

base his dsMidon on Ua reeulto   Tbirs type of sssplins pa-eeedure ia aa 

essspls cf a singla sspsriaent oseiaiono1   Haw the operation* to be 

porfoxBBd aro all specified la •dvessij thagr as* sis^ply to select and teat 

20 fusea* recording tha reatwi1 of datsct&fWk.   The jaasager sight bars per- 

fon&sd the following type cf experiment Instead? to select fuses one at- * 

Um *t £waku frss the let, testing ss*h ««» ** It ie selected, sad a&^lsg 

uhether e? not it la defective, sad stopping after either (1) twenty fcaafl 

have bean tested or (2) a tntal of ©lever defeciiww fuses hsvs boss fssn£« 

He sight, for ensile* -Jaeide to accept the lot if fewer than eleven daf>»ot» 

i**o are fatmd in the iis«% V^Bnty; and reject it ctberwisso    In any eveat, 

this test represent*! a •eqaentisl aorperli»nts sines the actual operations 

perforaed in oarryii^ oct the teat arc not csspletely specified in advisnss- 

and ««ys in facts ?&z? all the way fron testing a aloisssst of eleven fuses 

to testing a aaadaca cf t»«ntyo 

The sat •£ cuteosss of the esperlnemfc is e»lija lea sample apsse, 

and it ia in term cf tha stalls space that the strategy apace for tha 

statistician is defiaedo    The statistician bases bis deerisien on the oatcono 

i£ ihs ssas^santy and a esawsCtete scfl-nticai to U«* uvoi&ion problea requires 

n5a to dsdde in advance what action h» mli taks in csss aiy cos cf the 

possible oato«£3&* cf the experiment ia observedo   A strategy for tha srtatie- 

ticlan la & "complete" detdsiuu <£ this i^vcs fcrsal'Iy, z strategy is £ 

1:    No eonfiiMluu ahotuLu i-wirolt IVCT. tu£ fact that this ! single'>' experiment 
•4sya be regarded as a suece«sion of 20 saall>.<r experiments} the ii^sortant 
pdsi to be k&jvt in *d,nd 1« that the sequence of operations is prsdstessdjsd., 

S»?*SKS?&«H5 
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fuswtian, d. defined m*r the eaaple spaas (which will, be denoted *Z«)» 

and taking value* la the set of aetionse &•    Far all = in Zj> d(s) is * 

Bwsber of A, and if d Is tins strategy deeiavd on by to* «tatli3tAaUa9 sad 

if a is the actual euteaee of the eaperinsatt then d(s) is tfc» action taken.. 

A *Wetfi«r **r Satore can be takss to be jast o» of *h= neealnlii 

statcsc   Per example^ in the prc&Lssi of the fuses, the possible states for 

the purposes «f the preblaa are Just tiw pawsibie nuatwrs of daf*9tli» 

fuses in the tol.il lot of 1Q00<>    It is aere usual to take a set of prcbab±4b-» 

itST  ;J*l=J J*J»r»*•*•<•«—  «—  7-    •.»»•  •mnta   oniM.   rstiihftr than tlaS   S*t  Of POSd«» 

bl* states as the space of Nature's strategies*   It is as&uaed that to 

each 4*s cf the passible states sf Nature thsrs corresponds a unlcne proba»» 

bili«v distribution cvor Z8 in that,, gircn thn« siatnre li in» partlsjalar 

state, then there is a definite, calculable nrcbability that *w one of the 

p«?sibls outees** sill be ebs«r««d„    Per inetansso if the noaber of tfeiTwss&ve 

fuses in the lot of 1000 fuses is n. then for all % there is a definite 

probability that there will be a defectives aasng a eaaple of 20 drawn at 

random from ths lsfc» 

we haw described strategies for the piayerss and the only factor 

still undefined is the payoff to the statistician resulting from •>« aalao- 

*±«H* «f a pair of Sura»sgiKS by the pit^ferso   To giro tfce definition* ISJ 

oust go into slightly »-oro detail than as have so far tionoo    This will 

isrdTS dlTti^olflMs; the enees In which *a» espex'.Lawistc. thenselves haws 

>» cost (where the psrfursiag of the ^speriment- doss net affect the total 

utility of the outiHve*)} free, those In which the perfomanos ox the espari- 

aemt oast ~ii9 reckons** into the utility of the final oatcewso   Siasa ths 

operations in single^-ejBwirisaui decisions taw all fixed in advance t-hPse 

•sx^rijaarits ssiy be ae?0Hsd to haws fi»d eoatai tho c*«rt nay tberefos* bc« 

w«WWC^!W«.Wv 
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neglected na a f actor in tint dacielon, and ao generality is loci if *e 

assasja that these ssperisents bars sars e*sts3   The =cet factor is not 

c«a0*«s* far •aqasuhLil esperlsssU, s*si rises a «ise s«l»et4-fu of strategy 

by ths statistician say be able to rsduse it, a 'cost function* sasst. b» 

indaied as an saaHslo facts*' ii* gLujiylng sequential as<eJLaicn prrcl VJSC 

3«2tcl   gjgggg Fa&gtion and ^iywWgjaa for Singla^Eaperlsont Oayaa 

Lot A ha «fee Mt of terttLasl eatiens for the statistician let 
Til* Z ba tfaa a Maple spats* i;or ths aaperiaazst he is to porfosBg law 7- bs ths 

#5* of states «ML«sh iia-;«u« ess bs is. and let M ba the payoff function 

grach tiat K(a, jP ) is the psyaff in utilities to ths statlstieisa resulting 

froa action a by bias and state T of Jfcitsreo   A strategy (called a para 

strategy to distinguish it frcu mlsad strategies, «£i«fc still ba described 

later) for the statistician is a dadsiof. function,, d* tslling M» what 

action to taioB for aacfa of t&s possible mA&s&s *>f the ssirex-issgnt.   Let » 

ba ths set sf all snob 'jsoisicrs functions? D» thsng is too apace of pure 

strategies for ths stat&stitdsno 

Associated -sLth each state,   f 9 of Hature, there is a probability 

distribution  U\p •*•* Zp each that if Mature is in state   f  „ •*•»   UM») 

4. *K» Mu*.«Mnt? that- s tgil3 be the ««**«*J oafcraae of the exoeriDento   list 

Jl *.   bo the sat of all the probability distsdbiiitions tiwg ?• d*rin«d In 

this says than X*. id the spacn oi Btsrsi^i«a far Kabiixxio 

Vw east now <i»n.oe the payoff iU££Ctioa corresponding to » ihtac* 

of strategy d by the statiiitieian and U« by Nature?     If Mature acts accord- 
1 

^^ «5$ UJiii thsa fsr each oatecsisp «; tinsre ^* » definite srdbabilitsr tAl%a(») 
T I 

io    We shall assnaje that all of the distribution functions, UJ« corresponding 
to states of Nature ara distincto 

S ^iWW-35f 4 Vaj£if>— 
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H that a «Hll occur*   The action talcon In this event is d(a)„ and the earraapoMl 

ing payoff M(d.(n) *P ) °    Since e*sh of +Jtmm outcoa&a baa a defirdte prctoabil» 

ity and is associated with the utility M(4(R) U> )« the compound Bernouiiian 

utility doe to strategies d and IAJ^  is the sun of the payoffs for the 

particular cutcsaeSj; esultlpliad by the prdbabilitijes t"E»i- those outc•«s 

•wiH be observedo   Let M(d,u4«) denote the payoff due to strategies d &w* 

then 
H(d, LUJ    =    2   M(d(a),   ^JUfJa)* 

Besir*?? t>w Rftt of pure strategies., S? for the statistician^ there 

is the corresponding set of idjed strategiesp definW. exactly as in 3=>3<> 

Having defined the payoff function now for pure stmtegiess its dooain of 

definition is extended to covetf* wived strategies alsos as shown in 3o3<> 

There is a second way of defining misad strntegies for single ezpeirirteot 

games., which is perhaps only slightly acre cenvenient to uew then the firsto 

This method consists first of extending the set of terminal actions,. A, to 

include not only dicer-its actSj. but probability cuobin&tiona of thosie aci«<, 

If v.»* -were stlH working with a decision problea under uncertaintyp in 'Aieh 

the statistician's pure strategies ax's Just the eles»nt* of the set Aj, then 

the extension we are considering would be just the set of nrixad strategies 

over Ar, considered as a set of pure strategieso    Let the extension of A be 

dsaoWd <&.•&<>   &£• we ham shown, the payoff function ssnb« definsd for these 

mixturee (ws avoid referring to the aeagrmn* of A* as mixed strategies^ duos 

we p.re riaiterving that cerm for mixed strategies over the dooain of decision 

finctiont)o   K» may now consider A* as the set of terminal actions fer the 

statisUciaua and consider decision function d* which pick out for cash 

possible out-enae of the experSaent a particular wrafiber of A* to be taasn 

if that outeomB takes place o    Formally.) this function d* is defined o^r 

tho SSHSXIT; 3£-~.
:
.SS= Z„ nrsd takes •'rib** i* A*-  S»«eh tlv-it. If the atatisrticinn 

-rr~r TiiT         —   " —"  -rinnn HMII^I   lemsaii^ni 
•'•'•    '» . 
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aiets ivcsrainfe *<> d*p and the outcast of ths aspsrissat is % then S3 

•met tain action d>(«), widen is a risk eosfou»*tA.ots of the basic set of 

actions A0   Ua eJiaJO. call strateglos of this second kind mixed strategies 

We saps- Imagine the differeao* between the t» kinds of mixed 

strategies as lying in ths fact t&tat in on» «aee we define pure oUFctegiss 

as QMialca functions mapping ths sample cpaoep Z, into the set of ?yui?§? 

actions* A, two f aim the adored strategies by taking probability caafcina- 

i.**-, «*. mm i~sri «**«**«* i-a--rtiorrs? in ths second «**»- » first farm all *.«nsvt--l 

probability mixtures of the action »pao*3 A* then f era mixed strategies «a 

dSeUsisc functions aapplr?- ? into A*9 ths set of probability sixtar«s of Ao 

In either ease9 it in easy to chc*r thet the payoff function can be defissd 

for that !sind of strwvegyo   It can be further shown that tfai? two ssts of 

mixed strategics are squlTalsnt in ths scnce thst for *• sis-d str-togy ** 

of the first kiad, tUsrs exists a edged gtMtsgjs df of the second? soch 

that for all strategies* U; of Katura., K(d|, u» > ~ M(d|fl U) )s &*>' *'**• versa* 

Let n« denets •>*> set of mixed str*w3gie&'j, ifcether cf the first or ascend 

To niustrfcts the payoff function; and missd "trstegios «* r*tm*n 

to the exaaplft of making a dacisdcri about the lot of 10QC fuses*    A,, the set 

*ur   *«ttnMnxv a»»r-^ «n«-   HtugmitAx  of  trio  irao  iaj-LeraaaLvoa   'aCOSpt'   ««•»•   'ixs.,^^..    , 

let those; s« a, and a* respectively.... The set of states of nature ars Ssst 

the number of possible numbers of defective f?.«~»2 i= 1000? that is* W is 

the set- 1 0-1-1-..0**1000f->    In order 'lie fessulate ttiis riroblesa* ve ranst 

assrass that a dafinits payoff K(a.. u>) a^x^spends to an action as and a 

statftj, !-f o Suppose that tke utility resulting if the lot la aeojptsd is 

prc^>ort5.«ua.";. to the rroabsr of uo&=aofBew.v« ."uses in itj and tfee eapeotsA 

 ' "illi   iii  IIIHIIBIIiHII II llliMiil 11(111 III   lllil     llll 



;* n+*l4*g if it Is rsjeiytsd is th» S2S» SS the irhiljty of n. lot r^nt-Mlr^w 

£00 defeeJdTsso   Then, «e can aosusss M satisfies tba equations: 

Mfa^^a) • 1000 - a 

"t*j»5"*# *<>• — — 

-i&aro Jas in the above equation denotes the st-nte of Ha tore in «hich the 

lot contains n defectitro fuseso 

The oaaple consisting of sajUecting 20 fuses &t raa&os! frcs iss 

lot and countis? the noBfcer of defectives 3.3 a slssl« ezprSment testa end 

wa proceed to construct the set of strategies for the ttro playere9 esd the 

c«rr83poadicg payoff functions*   The aa^le space for this eaqperinsent- is 

tbs not af possible ontcctoen for the ©xpeasiEents yhich is ^just- *iw set of 

possible naB»be:rs of defective fuses in the sample of 20j this ia the set 

4 Osl^s-i^SOr-isiigh is denoted 2i    A TSUTQ strat*""1 fr>r fcha frha-fclsiilssian is 

a decision functics which tells fcla for each possible oatcoos of the sample 

**ssther to accept- or reject; it is a function, d, defined on Z and inking 

values in A9 such that d(a) 3,3 a„ or a_ aecorrUng as this wStiision function 

directs hia to accept or reject if he fiad m defectives in the sample©   The 

set; £5 of pare strategies for the. statistician.;, is ths collection of all 

such decision functions;, and it is oaqy to nh&j that there are just 2^" 

such stratsg?x3o   Tr«s strategies f<»r nature ax<o the probability distrihu- 

tieas ccs^ospondiigg to the states of Hatores giving the likelihood that a&sf 

particular auteasra of the oxperiiaeot *rtli be observed if SJsture is in the 

fjiven statso   Lot Ui bo tbs distribution over Z corregsonding to t2te state 

in uhieh the lot of 1000 contains n defective fuses? then U4,(sa)    is the 

Jf probability' of finding n dsfectiva fusses in the ssssple of 20; sivoa that 

•••t&*mf2Mt-£x)aa)if. 



u.w, ... 

chore are a <fcfesfci*»g iii t£s lot of U20G *   Kss s*% IX- s coneistiA:? of 

all euoh distributiOR functions Is the spaoe of strategies far Haters© 

There are 1001 oteategie-s., corresponding to the states n • 09l9aaO9100C^ 

We can COH XWJS tha ferrsula of p»£« 8h to calculate the payoff to 

the statistiairn resultim frcsi toe choisw of wt^&tsgy d by hia6 and U.'a 

by Satore*   Slnoa A baa crfcLy two Members,, a, and a^ this rcroala reduces tot 

M(dP U) ) -I   Z    aa(m)lM(aln)       -       2   ^n(o1  M(V n)' 
n       LWad^a-iJ LawT^ajJ 2' 

or, substituting the particular values givon for tbs paycff functions « get 

K(d, UJL) « (1000 -a). Z   Wa)   +    *°°       2   %<•> * 
msd 1(a1) med"1^) 

•Jjj!   g* g*>+—VianH   «4H*   <>f   thft   Albflrtfn 

expression*; are just the rosper/tive probabilities tba lot will bo aces^rtsd 

or rejected givsa tb*i ths statistician acts ticccrdUag to strategy d and 

Hature according to scraterar   u> » a 
The mXxsd stratsgiBS of the firs*, k±isd are Just the possible ^rob* 

ability distributions crsr tbe set of pore etr< tegies5 r      If   6 is soon a 

nixed strategy, then the statistician is to use a random device in data:rair^> 

isg >r:hi.-h of the pure strategic to nazP s-.veh that it givoa a probability 

6(d) of ehcosing pore rtrategy do   Under tJsssw circuMstaneaa£ the payoff 

fturrtion for nixed strategy   6 and strategy ix) for Nature is 8 

lo    It is easy to ah<w that, far all » * U$192S(,<,.9209       ULya; satisfies 
the wquatica 

^ <?S01 a', (lQOQ~n) 5  201 
n(m)    •   ' IOOO I (a-m). ($80 - S-Q) I »S(20 -a) . 

IMWOW.?IIHi! iiMwewt3>»ffa*»iW)Miw»>«w>iWtaiiii«<i|!»i<wii»ii^BagBiewpa—w• «wt~w«»»w»>--.«iBa'«5^'-^gy^,;a»v) r...      •-'"Tcn.MDnM'j 
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M(6,10 ) =   Z    5(d) M (d, U) ) 
dsD 

ss fcillsus dirsetly ftsa ths sqs&tien gtvwa in 3o3 defining the payoff 

forties f sr slssd strategies* 

To define the njjotd strategies of ths sscsad kind* *e nest oeac 

sldsr the probability ooafoi natj ens of ttat basic set ox «cii«iS» A=   Kissm 

A. consista of Just two actiona3 acceptance and rejections tba probabili^f 

£csK>lnatiGBS of the action* can bs xwpFsseatcd by jset- few sssbers?   4 awl 

1- ^ 9 where   J. is tba probability «£ Ufelag action a-   (acceptance) ssa?, 1« x 

is th» wpishaMliter cf taking a~, (rejection) o    1st A» be the sat of ail these 

probability ccafcinations of Ao    It is convenient for this e»3saple to represent 

eaeh "Mtfw? of A» a« » singla aoaber u. p where if A  represents the eoapoozsd 

action? a* in A*s  th*** u* consists of taking a chases   -'•   sf poaKfsssiSg ^jss 

and l«-f. of perforaing cuo   A mixed strategy ox the aeeond kind is a dedadLai 

role which picks cut a certain neiaber of A» to bo perfraised for each outCMoe 

ef the eaperlaento   Xf the 8tatiat±«isn follow niaad strategy d*9 and if 

toe outvcss of the cjpeviaent is z$ then ha murt take the action carrsopczdins 

to o*(») «5.oec,0 take action su sith probability dKs) and a, with probab:ilii#- 

l-d*U)o   If the statisrtic-isn has determined on a rdsad strategy d* to foilov9 

and. aatare follows stratus' \j*s then there ia a definite probability that 

action a- vHX be taken$ which is in fact the era? 

2 U)n(s)d*(c) 
seZ 

and a eoxTespcaiiqg probability that a.-, will be takeao    The payoff WJ the 

statistician aorresponfHr»s to Vise strategies 4* and  IU    satisfies the aquatics-* 

»(d», UJn) • ( Z HUWiJKy)   •   (l- 2 Wn'va)d»U)) MCagB) 

' 
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:t(d»  U> )   m   (z tt> (a)d*(m))    (1000-n) • (l- Z uJ (m)d*(«)) o>00. 

2,Ua2   S~g»aj*al  

•?!?© bawic esMSiijBsnfcs of sequential RSBSS as» li^e those for 

ths singLs^c^erisaGt gases pravioasQy dssoribed; howsYer. in the sequential 

g«MBf the e:qpsria*9>t is analysed into a ssqasasa of sob-experlnenta, and 

««a atat&sti^ian is allowed to tsnadnate experiment* at any point in th» 

secroesnoB if as sv dssiixss leaving the rant of the eab-eapeafiwBitfcg uEjwr- 

rerasd*1   Ttrasp the. eaperinsnt described in the last section can toe analysed 

iulo A ssqsfcss sr ^ssasy mb-a3tpKriiBat»» sash ecnsistisg of sleeting'. ^?* 

fuse,, testii^ it* and motiiog wfletbeir OP n&i it ia defectives    To ti^ussT**8* 

this rtxperineafc into a sequential game, it is only ns-MSsary to aUsw the 

statistician to stop at any point in toe eaqoBSoe and aak» hi* finaT- <i»«la- 

i<« st that tisss   "Bare would ba no point in stepping the tests befor» 

ths ard if the test ttoaselvca cost nothing, and therefore sequential experi- 

seents are of practical interest where the testa bare seas positive cost («? 

neg»il*w uUli:'tv)c    If* for exsspie, it ware necessary to destroy a fuse in 

order to test it-5 tto statistician would hasrs a piactiwsl interest in rs*x««» 

lng thfj cunier ox vs»ia as much as possible, 

?bs possibility that the statisidnisn w»y L^rsl^ts ths tests ^t 

asy point 1B tho sequence: (or even before the eequ^^ce has begun) greatly 

enlarges the range of sioratsgisa available, to hiBio   As ** h«v6 seen* a 

strategy in a single exptw-.Lr.ant. &«&> Is « .sscisisn ru^stiss d±Lrec*i«g «•*•*. 

t-ction should be taken in the event any sutooae of the esperisant is observedo 

In a seqo»nt£al K«sa» a strategy must irioluds s. smls -«2iich tells the steti*- 

'tician «hethev* to c«y«» eapcrijc-jentlag of qcsit at sent point 3JI a sequence 



of QbaaytaMogaj ana it =K=b insiTrfn & jrale which tells the etat* ,«tlotan 

what action to take for each possible way th* esperiaanta atsjr texainateo 

Let ue now try to foxaalise t» nctioa as « ssffstsg^ £s- Us* 

statistician*   As before* 1st A be the eat of tlnai action*   Lot Z to 

the twt of ootccncs of as ararnll eonpoand ejperia&nt* which io matS^wmA 

into & aeqasnea of asb-aaqperinents or BeoBpouentM ezperifients ls2;o.8,kj, 

whose ontcaoea soap se tfce seta ^Zg,*,*.,^   Each esteem, s in Zs of the 

oaapoand eaqpotfiaenb la a sequent* of oaiwunS59 «.9 <.»<,» 3^,, of the ooaponent 

•^-ri^^j   In geBerali) we shaix write 

s » // e^.^.Sj. //' 

i&sre s is the ocspouM ooeseoate wfeifli correspond?! to the oospassst estoaase 

*»t•••#**«     2» ?«••* .follows it till bo *on»es)i«nt to adopt the following 

viewpoint «&th respeot to tea eoopound szpsr^ttecte Tahowe outcaaas axe So 

Bafoso asa* of the esb^sKpsK-ifflfciTts a?s bssren.. It is auavmsd that ths ocs~ 

poond oaqpexiaant has a predateftiioad cnte«mae a °/f*^*ooo9%^//    Pa'iwwi 

of the anb-eaperiaenta ro^eala In order what the components of s sno 

Oesuatisn s£ the «ib«*»3rp«riieentM bozo** the final one is perforated mexta 

that the regaining eoBpcasnts of * reaain u^&sowi to ths statistician* cut 

these cutocaea aro aaataaed to exist nerortbialossis   The adoption of this 

oonrantieo9 although It iwgr be offensive logics?Xjg greatly eiapjLuxss tSe 

staiaaawitw v€ tfes d©fiR**i«a ©f strategy far tb& statisticiana   Ths essaa» 

tiai point is that definitions snst not d»p«r>a cc VuTobasrved ecanpeaento of 

the cstooaeso 

?srt uf was statititisian'a strategy oensisis of a rule tsUis;; 

Mm whether t& step or coating at aqf point in bis exporlKentatisQo   Stteh 

j. a vv&s is sailed s gagging |jlas.>   FoeaaHy this will be sspvesanted by a 

fUEBtisn* go «f t»o Ts-ri^lssn snjjh that if ths oa-lotsna of thci c-tss-juasi 

J^B««if?jqSgga«Sff!iKCaWWMWre*ia* vuflfwii 
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sxperiaenfc is s» then the ntatiatic&an is to eontiau* after observing *«» 

first 1 oomponento if g(l,s} » 0, and stop if g(i,s) • 1*.   Thas g is • 

function which vaun xia& svAtisiSf^sta f«•* each 3«ss»wuSd oat>QCBtt» s» LrfR? 

iwmr A4sanas^£^s bs ahratTn observs:  ai6S&lya  he is to CfXttimitt  Observing 

ooapoaeme s^««»9o«»   tunil iw asr-ives at seas 1 for which g{i»s) " 1} &* 

is to abesrvo s. and than stop*   \fe shall pl*«a two restrictions on the 

function g£   The first is the obvious am that for find ir g(i»s) mast 

not depend on the ooaponpiAa of * after *. a ithis for the reason that gOUs) 

i» srappuosd to dir-ct tfes statistic an shKther to stop «r eontlnM.; and 

this cajxjst be permitted to dsyesd on ce««MH»st-e about vhieh the stetis- 

*.Jt~«—.    <—    -till      4a.    1   • Ml.m Jo    Secondly 3 we sMp«!*te that for all aQ e(i»») 

Is X* (io6«i, directs £ stop) for oxtsctJy one i - 0»1» ••*»*<>   «ith this 

rsstristio^ g(i$s) has an interpretation vhieh will prove convenient laters 

nmely, g(i#«) is the eondit3on«i probability tb&t„ givea that the ontsoBs 

of the coogteusd e:*periMBfl£ is s. tbB naobsr of eoapcoaats observed will 

bs it that i«i, that the statistician sill cfoseiv* «\.pooo9«.s thes stapr. 

lot %h» set of ggjpls pl»*us bo 30 

a» way in which a sanpting plan functions g,? would be used in 

practice wonld be to begin the sccfosneci of e^eris»nt8s ami note their ouv» 

ecmess r^t-^e until a point was reached for wiiich the ontcooss observed 

'iiars is f^^t the first i CCMBSKSBlB Of gCM* rtensnoiind fluseaaro « for **rf«o» 

gvia-) " 1*   I«ot- ^< return to the problem ox taii fuses fes? a uoaerota eacMpL 

A sampling plan is represented by the instruction* * "tost fuses one at s 

t2sSj !•**•*"?" tb^~ M r»rvrta=rf=ftiff}wiws4 oar dsfactive» and stoo after eitfoctr 

eleven defectives ars foani or twenty fuses have been tasted*,8   There airs 

twenty sub-espei-lHeBi* in this case? cash ess cf which has two pGoaibls 

outcomest nora^ief active or dsfeciivep muw we denote 0 ami 1 respectively,, 

SF<JS 



Hens* a aempaaxsA eratcoae is a matrix of tawaV ooqponen&c* ^hi«n are 0«i 

and !'»«   5he function g in this case satisfies ii« oasdltlgcs; 

fl, i < 20 and a. «• ... * ^ •» 11 and a± • 1» 

gi±»z}     "^ 1? i * 20 ana z^ * «... * 3^ — 11 

l« 0, otherwise. 

reader can easily verify? (i) that the function defined above satisfies 

the ta» reetrloticns stated set psgs 16 an* (ii) that it directs continuation 

<sr stopping in ciwKtSj the. —gas sitsstiscs that the y»?*v»l inatrneiioMai did*. 

The second pert of the statistician* s ntrategy consists of a rule 

-ihi^b prswsiliias -=i«at action hs shall tsfes f«* «ach of the possible ways 

ths sequence of experineats sasr tentiaate*   Vfc shall call -such & mils a 

dwdadca rule*   wo SsBgine ihat the ecopoond ss^nanxnesia smf hz~~> «qy osrtV 

COM, ii&2f and that ths sailing plan nay dsssBd that the aaqosne© of 

Ows&vietioss «*f be iasssinated at any evs^cssr.tj s^9 I • O^l^oe^ko   4 

d**i«ion rule$ thsc^ met tell the statistician f«r any possible m» and any 

geasaaa  stopping p*int9 s4» what action to tw»0   Fcraally a decision 

rels is re^rewanfcad by & decision rancsion, d, of two v*ri«Llea» sash thst 

for ell s sad for i » QJu.oOS,fcs d(i,,*} is the action (ioc** d(i„s} is ia A) 

i&l&h ths etstigtieiaB is to take if the outcome «? ths ec^sand en^wgissst 

j^ -^ ajw? $^ Bg^ljcg "^SJ^ rcqsSrss that- ths s^i-«»*im«rtaBS!ifc» atop after 

tha first i gOBpeaas&s hi»ve been ohsaufTsdo   Via mast place a reatraev&vu s» 

the aT&sahle decision functions analogoos to that we placed on th* saspliag 

pl^r fwStir^g^ Si   fhst- i*5 f**r fi^ssd i* £(*<>») u«»& act dspesd on the 

ur?aiiio*-»ad zss&ssszts 5i+i*-"-^*t~   ?cJ; '^ 6^t' °^ deaisifcA functions be 

daSnOvSd Da 

Is In !*s?rfc esses. £ deeJsion nuts of this type -mil ys^uraMs aotivus for 
sequences <3f dbeesraiiorsj voich nanaofe arts*,, b^esass cf the Tact that ths 
sgqpHag nLas chossu w^ix-as that either Vzs* cbsnTOtioa bo stepped &«£«&« 
that poist is roacjfcsi? •or ssntinsed past that, points 

MW!MB*^ i***^****-^:**^^ 



1 
A strategy far tb«i statistician is & sa&pllng ead a daaiclsn rale, 

ifldafe scm faesaUy gapwteagfeti by A pair of reaction g is 9 and AlaDo   If 

the statiatioian act* aecardieff to g arid d^ and the outdsss of the «»?annd 

espcrlBBUt la a* than ho i« to observe ocapoaanta s^***   until B* S»»~ 

eaperiaect a» la reached for «hlsh g(i?«) " 1* than to stop sad tales action 

d(i9a)o 

In nrarrfcica. if the suiiastlQ&en acts according to a strategy 

lvpranmiu fcy g sad dp hs d>s?T"»g cmtooaaa of the sife-^sperlawBtSp 

sables thea a* s.-s_~*,o etc** at&ll sees saqtaacee ^fs^-ji, has baan observed 

T3»i«fc contains ties rirst 1 c«apun».---T;s of a cttapound eotsone a fcr tf&afa 

g(i«s) - 1* titan rt^cwr5«Bntatica is to step and the aot&e© to bs tssg?n is 

dCi^s}*   L stesi^gy is x%pt«aeatad by the instructional "teat fuse* drain 

one by osw «,* randOBg until either aierott iafecti'se* hswe bean found or 

twenty fuass ha?* baan tested* than accept tha lot if leas than sloven, 

dsfsctis*; h§are baan found and redact it others!*©*"   lie have already eon- 

strsskKi the function z r*y*e«*niix>£ tha aasa^Ling jtLas fsr this ea*sp3*<> 

Tha set etf final «c*Ao» 1» just accept uses ssd reJMA&loru which we eeaota 

a, and *« respefiti*e3y; than lor all 1 and a, d(i*«) ms.it be either a-  or a^» 

Tha reader nay easily Tsrl^r that the function d., defined 

f ^     if a^ «• a2 • .„„ • a., < U. 

d(i.«)   »     *f 
I «2     if ^ * ».-, * ... • 5^ £ 11 

lg Ao'cailly th» desisted decision function.   «te &uU»6 too9 that this daflni- 

tics refers csi» to the first i ccnpaaanfcs of ss a? svquiredo 

l.It is THsrSsrssteod that if e(0«s) ~ 1» than tha sequence is stopped before 
it hes h««E bs$cmo 
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%fc have as yrb said nctbirg shsst- ?.h« apaea of sfcrafasgias far 

Batons   Th* sat. wf.' *tafc*e of Maters is j s and- as we shoved la 3J»cl* 

to sash f> in ^ eorraapaado a probability clisftriss»io»   ^>   S^«F s9 

s?aa.h tlsst    fitf* (s) is the pr«*»abiliter th2« fcfes o*zteoaa of tii£ sra&GuSu 

axpsriaasSu is *» gi**n that Batnre is in state   *f •   It la oonvsnieat to 

aonsreiiss this and Qontsids? foasticns Ute ccf two Tariabias snsfe tlssb 

iiJ» (ios) is the probability that th* outeoase of ths first 1 a^b-aspa**- 

nanta are %j%2o*,a°!fz% givan that Sattrra is la stats   ~ .,    If 1 is bald 

fixed« team  U)^(£3^} a^tonXX^ is « pcw*b3&lt7 (Ji3tirii>i-.ticsa giving ths 

probahilitl?* f=~ sequaness of ostocaea <*C the first i srib«w^zlnixnt8<> 

fha sat of tj3s*« ftmetlo&s for 5p la   y^" is ti^ spase ct? Safasffa's siufi'se^ 

AH that re&aine nos in to ctefiae ths payoff canrespoBding to a 

stratsgy represented by g and d far ths st&tisti'ciau and tiy for S-.tarOa 

As in tha easa of tha single flxparaHsent gase* we aasasse that tiara 4s aa 

nndnrlying payoff fa&rvcion H;; such that for oach action % and stats Y> 

«(a*> ]p ) represents & p&^cff In utilities to ti>s Ktstietieian*    Basidss 

this3 hosaarrarx. there* is a coot, vteieh moat ho ^ubtractad f2*sa the final 

payasat as the prie* of experataeBtatiantt   VJa cacsar; -that tho cost is rap-' 

assented by gm fjaaeiiqa.) o.« of two varistolac^ ouch that e(l9s) rspFssenia 

ths 3J55£ •so "ihs statj gfcit s3 ss in TrittHtjjcj if ^~ ogtstssB ef tha cfiBSPOGSdl 

«3psriE*e3ri i« &9 a&i he perfcases ths first i swuVwjxp&rii^fifte,,    As ba£we.v, 

-ua require that for £L:sd ip e(ias) Is irKtepeicdent of the cssaponente 

» . _    ..» Ite   mme/mtm   ^naMwwnmo   +>s»fe w»?*tovw>tf T>.»   PyRJSfo   «M£f34 t.i oTUll 

onb««i-snperii3Bafc adds to tha oost9 oa? at leant <?.oe>o not dsereSLsa it-, and 

that porfftKaing no aaperlaent cost nothings   Forsially., 

o(0?s) • 0S 

if i > ja ttcn e(i«s) ~ «(5»»)» 
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»9«i«» 

The pcqncKl' is new «2aply dafLnsrfo   If the irtatistieiau ohwM 

strategy g» a* and Ss.*ure «i<*isas    V*f   then the prdMedlltsr that the 

»#•   w*^!    m>wftwt<iiiiMi»>.   nnf IIAI ^ V   nK e»*ftY«> V___4   •* •   «    -ft. »j_ .        jjfl ML       UHW V^MAWUUV?     W •   • !•— !•  «J       w^*i«£.   » w^»     ~*~      W| f*n jp •' 3 B 9 —£ —- 

__/ .       ..   \  ... 11       _  \      \D 
/ 

aud tbs payoff associated -with this swquewc* of cbdarvatiTSjs ssd pair 

of strategies in 

M(d(i*s)ji jP ) - c(i$s) . 

Tbe peynff functionj o(d,g, uv »«)» due to strategies gt&,  and 
9 

ssst fvssctica e i±J dasfinHd by the equations 

pCg.dyU'tfje)    -     2       Z    M(d(ijR)i   y) - c(ij«)(K(i,s>ji)v(i,t). 
«*Z    iK) 

1. Se**.ll that g(ijs) eon be interpreted as the conditional pr-t&abllitgr 
that s^s** «•««=* will be cbssrrsd given that ih« actual sequence of o\it- 
-anfcs is R,«B?«_0»JSVJ and that tbe Statistician aots according tc> g- 

«•»—..'waM/SSWr^ir..- , JPRJ'I •  - ••* 

OB&ISl&SaiSl* rwmmjin.iiiiii.iiiM._L""'if ••I>JIMM i_. 
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3o5   Dealglop Prirsolplg# 

So far m turn aet forth tho fornalts* for repres*-nt&0(j a wide 

"arlarty oof probiewa without actaioilgr giving tu5 solutions t=j SIT of £»*« 

problwwo   A ".xiltttian*" in the isease that we are using that tam harwp 

la a rule *id.ch tails player 18 in whose decision ws are interestedf; «hi*fs 

strategy to choose frfls jsasag thoa« n»-ail*bl» to hl««     A rule ifcieh direct* 

i&ai decision to make in a large class of g»»e la called a daeiaion ^friapl" 

plgd    Decision principles *nst bo dJatlnguJahod fro* deoiglm funotians in 

•UtisttsaS. ssses<.   A d£.Osls= ftsrtis Is £ stmt-sy In • ;-r*.*aifla» »t*~ 

tlatiosl gasK»9 "dseswBs a daelaian rul<; la a i-ulo whiah picks a strategy 

in a large slaas of gauea.,    In thia ;ssisgfel«a^ ** shall diaeusa soaa of tba 

eonfd.0Mrstifs^ wxxA I««u to the sslsctica cf ease ratiecsl d-d-Ka p*i»**i~ 

pi** *Meh hare been applied to certain claesea of problem', and the rationales 

behind ttaaeio    Oar ms*Pw?4,<on will be vary lisdtad for tm> reasonss firstd 

becaues the gssBrel tLsory of aaciaioaop including statistical daodsionai^ 

ia w«7 ceaplex and «nuld take us far fraa our usin d^aotdTOg2 eaaoady, «jr 

wain objective la to r)nm *h*t rule atill^f theory plstfa in WJB gw08ff»l 

theory of de daises> &nd$ in cos 3sas59 this has ;2lras;dy bjw?. s.ccos^S sbs-j 

by 0hoal.Bg hew the na< ol'f functions are defined in t*rs» of cho Bwroolliaa 

utility functions or the players,!    The only way that utilities enter Into 

the foraal dsglslon prooles is in their exf««st on the payoff functional and 

ishsss the layoff t>iK«jfc1«nif are defined ovsr Use etraliagy spaces iff the players,., 

the a»«cuii^j problem ia dafl&edo   HOSETTC^, discussion of the de#dsim pria?• 

cdplas throws light co utility theory ItsstLf^ «incey as w» shall 9eo0 the 

10 The definition of 'solutlen8 in von tiaamxjtfs theory of n°per»on gen»a 
differs from our ueag?; h-srtv,   The von Ncssstna eolation ox & gxm &sscrlfcins 
a. esrtain proparbr nhiefc It can be argwed toe. gam naet hatne if all the 
sCLaywra play ratlona!3yfl but dw$ not d»aa?ih© *foat fche uctual §tr.atagta» 
of the pla;?t«ra idil be., aad itoatxi it does not provide a daoislon p2*incipl« 
for Xoer plw^sTSo 

to The rea/Jter is oras again refwrad x.o th* Thaxyy &T Qaaaa and Stotdetlm& 
T>»«ji gi oris by Oerafdok ar.-i Hlaokwell for asa £ntaroduetdon to tha ta«nn;Lo»l "" 
exde of fcctus niibjvovy    «6j 



• 

i&a&oa af a assftartan ral« ;si&eh »ro*i«*s tbs s?E>"TiT.iij*i fco a usslsian prdblss 

sfewia b» bassd cs? aargtmaats analogous ^ those arivaua** is jaertifieatiQn 

«f tL» MIOBS of 2&£asu3Xiaa utility»   Thst tM« #hould b* tbs ca» is 

obvious if se sscall tbs Swuoull-S =?> uttliW itself is a theory of rational 

<*wleicsjg* aaS is sssst to prsarifes & dssialcn pr?«efem In sitqatlosn in 

•fchiflfe tbs sotGCSS of ihs tgssas* dspsnis «aly wc *b» asti-on takan lor the 

parses sftklsi; tie daaisienj an* cm chawc* factors of wiiioh the probabilitSos 

are known*   ISras^ examination of tha argsaeata supporting the shaeLoa of a 

decision principle will sserws to clarify the eoTJcepfnnl basis of ctilixy 

theory itcalfg and trill I»2S> to 62H'«a &saie of tisa rsst-riciiorgs wjisii ssst 

hv *£ma&& on tbs agftSicatlons cf Bernocllian utilitSss* 

UtilS.*y theory itself provides us ixith the first example- of a 

dedaioc principle., nsselyt in choices ssong alternatives involving oifl^ 

risk factors, shoots that actS/cu »4£h the hiaJsaat utility*   The rational* 

for this prinalpirt Is giv*n in the ergusants tSile« justify the axlcas f» 

Bemonllian utiliVo   "^' *gaass3? for vhich Batascllian utility presides 

tha nolution a*?e essentially all tfo» :oiss-p«s^onJ ^ames (see pa®* 72)« 

QK® past the cca-pawon gsacB9 wo shall find that*. exc«|?t fee.* a wry assail 

e&ags of two-person E»«B»30 ttesw arc ao ascisicu pvirjaiplea «hiaa prsyidu 

colntioas as aatiafaavjory aa taos© Ba^ncsiJLiiai& utility provides for one« 

p»Tc«<ri jsKiBa.v   Beyond the onc^psrsm gases* the field cf dacisiaa prchissa 

say bs csrrranlently subcd-*idaci as foiloao: (1) tKQ"pe?&on (jae&s in ftfaieb 

befch players era rational (i«e«9 play for £idf«intorest)| (2) r*"persca 

23»so in w^h all like plaTssro are. rational* (3) teo*>&arscri gsasw inroWJcg 

cis rational nlayar against a aon-ratlanal opponent (flatus"*): (h) isrpsrsoti 

*. 

r»*wira6^»iT,^«w«*a,-Vi»SM»a!rjS'^"=5*5siMfc*-'^*r-*^^=:.-.-ffi»:'t-*«"-yill^'' 

ill IHH .JiLaflHSBSSit'E^S 

m ,.~:.7'^.^S»iW-«S"'W!«SS3l»«»»«»««WK' 
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inraSffiWE botk rations! *»d UGa-*a*lS3aL ?2J^?*S»' *     It is «wy 

far a osr%*l» srfr-rflaef or (x) that tun «slst3 a dcsiri*— prin«i«5e 

-tiicb is g«s»rally eeosptsd as providing satisfactory WLutl«a.   ttas 

is toe t»oap«r«ca sssa sailed gffo-gg in dhlon the interests of tfas two 

pitijnera era disseteialiy eppeasd,   «• will sass-!** this type of Rose* 

•aft the corartpcading declaim pritfeiixJ* belo?*   For ii?8 nca-aero-cM flosss 

of elass (X) thus is at present no satlsfa-stosy theory^ aLthcugb soae starts 

have been ssoe*   It is ponsible to de£±ae tl» a&Am of «aar©=»saa' ,?s* gases 

of class (2) snaiogoasly to its d&finatiou fa? tu» gssss of cim»e {25$ sss 

there is a theory for toe sws-«m gssss of sSass (?.')=   Eoie«w8r£ this ttascrr 

seffs?s ISOBI t-o deffeetas firsts it is based on the assteg&jon tisat the 

piagrers in tbe -pss* uilX fsss tSasBeslMSS Into two oealitiss sbioh was 

play as if they ware playing a fcgfrperssn gs»i end seeoocU this theory 

does not *«wLw9 tbe decision p^sxuan in tfcs seas* that is ar© using '$bat 

terse    QLass (3) Incluctes there statistical gases Aese alx«u£gios was 

dsscrihed In 3eUa   Him is an extansirs theory of statisMsal deeifl&m 

parssssagegg 1st thare is no <fcwdsiae ptrlnslpla "which is ^ensrallj recognised 

as providing a satisfactory iolution to all pcrebXsan* of thia olasso   Glass 

(U) is mentioned any rer tbe sake of cciB&stesssis; so far as is «K£»J ira 

autb*«r? timw is at present no theory for gases of this cl**»0 

3»5»*i   fwofersoa Gases BgfajfCB ?ae P^jagaJL jftLv/er»s Lbs aiidaas rgiasagSg 

lbs noot obvioos genes of tbe class w» fare considering an» tsjo» 

person parlor ^ssss like checkers uvA ebuaa9 «std tuc^srson fame ef goes* 

ls Ve here shosn prsvicsaaly   (po ?ui that if one or more ef tbe non»ratioBsal 
plsyars ^Leys eceardiqg to rant'cm strategiss Tiiase prob&Mlifcy- dists£b«fciros 

•jra krjy»«i to the plaw?r9s tSs&n. tbn g?uno can be :."©fexisalatsd idtbovrt UP.-^* 
pla^wrec-   Hence it is suifiiisist to oooeidsf gases ii» ahs.cai U"s non^r&ttcri^l 
ni&Ter* rw^3&aj*»t ui^Bsrtaia faotorss 

2» 'S-pcuTsca1 guts here refars to gs?ee BltJi sxae tb^ia «wo i^i?^s«o 
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lils pete? sad crane*   Less eiyvioaa bat still «tth esssgh SS3»1*3» festarea 

to ante * g«M*>thaoff»tde approach sees frxutfal are certain c*h«r s±tasiti«a9 

isrdfcH«g essentially two «*»>p«ti*a*8? such as daepeS* ir-d *iepssByT sSli- 

tary probiarap, bargaining; probleras, and sees kinds of chsdsv,   The genwai 

dsdsioB priiKLas Is to find a r^3s *hieh nreacsibee ubat strategy plaswr 1 

(sisd by analogy^ placer 2) should use in all gsass of the class under oensieV 

eratiosc   B*>f*a-« ntaii^ any (Specific prcpeijals for deeltdnn principles^ 

va shall discuss soae gsneral eo«oiG9i?atiuas involved in tks choice af onsa 

ffas wain feature <'ii?t&tsrniehing jgtaes in -ghlca one or nors of 

planar l*s e^ponenta ara rational from those in tSiieh none i.s9 is that ths 

rational oppuxiBsts- will &ttesg>t to anticipate player l°s strategy in order 

to jfroUt tjy this anticipation,,   Plsyitr 1 trill,, exf eourso3 try to astisd^ats 

the opponents' choic&a also-, and in doing this bo 2su»fc ta&s into aceeca» 

ti»ir estimates of hiwo   This reasoning msjf sees to complicate the $«a bst~s«n 

rational pl&yera to the pc£nt uh&rs ths prohUss baccsas unaanegeablei ho** 

ever9 there is one aiiwplifyitMr aflsuspticn w© can i&aes idhich «£LWUC» U» «. 

certain riawnh of gai»laot:o in soaking a rational, decision principle0   Vfe 

say assuwo that if th»r<z is a national way fee* player 1 to play Ui» gasa,, 

it is th« rational decision prvs*uur% f«sp hi« exponents as walls   l.f there 

is only one rational tssy to play then, for a given g6B3? each playvr will 

Issov what, strategy the opponent ^H -acos and choose Ms to -saks ths moat 

of ito   Vo stay then require that even if piayflsr 1 fcccw3 that his opponent© 

grfll«Li^ socorelBg to the SSSKS decision tub that. lm uses, hs •S&lhsss 

no reason to change his o«n strategyo    i'o fetaaaliss this assuaqpticsis 1st 

3, and 3n be the strategy spaces r«ar piajrisfs 1 usd 2, sad 1st SU and Ife DB 

their rEwjswotive payaff functions*   Sapposs fchat under a oontes&aated dwdsiect 

' • <•-.:.... . 

•-•',-    ^S&SaS ."**5£» 



TalMn tUsFSS 1 sfaOGid shoe*, a. as his str&tas? ana plsswr ?P asing the 

*«OB reXs, should abDM »3«   Ti«i payoff to player 1 under these clrcaa- 

«*--«»- «•- ft fc==«'_-1-    we fthowld Mtee fcc Tscruire ihats vnn IT plw^**- 1 

should know tas «SWBK» that player 2 uULL choose w^9 he «ill «tdll hssre no 

miima m»t t»* ohooss iu 0   IkKsroe?. If liars is *c» sfeestagr* v^? f OSF player 

1 «w.-b that 

H.(K»8„)   >   K,(s,.9s„) 
X      £ 

tbVBs player i should claarX;? prefer t, to B^ S if he knows player 2 «dH 

slicoas. s9«   Therefore, WB mould expect oar dedsien prcse<*ar# ta fee ssssh 

that for all strategies* i^s *** pl«ye* 1. 

and by ssa£Lsgss* reasoning,, fox* all str»**gt*s9 tg fcr player 2-. 

A pair of strategies:, ft. and a^, satlsiyiJag the two roregoing eondiMaos)* 

ere called ooujULllgUja gSSSSg&jgf.0   E*'lih ar a ^'r sf *<q«ilibriu» strat»gi«3 

has the jsrcpsriy that it is ths bwst strategy to use if the opponent ©boosee 

the ether*   WB should lite our dosialon procedure to hare the property that 

If bsth players foUjpK it= thay t«ili always cone up with pairs vf ^uilibriwi 

strategies» 

In general,, vs nay say that the conrtL-&.<au that a proposed decdaian 

ppeoedure altscors gi*» e<jaiiibrA33& stf&tegiBS in iha class a£ gssnu* t« «Eii«h 

it is appli!'* Sa? R ^ggsajry. a cndit&on for its &cteqaacyj. bet is not soxfi=> 

eia**fc<-    The class a£ tso-person g«es between rational players Bay be broken 

4» up into ifo?* SBb-sl*Jses ass follows i gsass in which there ii <w pair of 
H 

gsqsdlihriw strategies} gassc? in shieh th**^ is ijsaet!/ «*** P3-^' -* eq;.dil5Jb?ii 

• -...••>. 
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slatmt#5ig;ie«'j and gases in mn ton* «** tsc sr acrs pair" of eq^lsbrisei 

rtrcta^w.   For g*s»s of **e llrst kind, it sesss there is no ratlccd. 

sj2.,3tliffl to the dsdslcc prd&as a- fit has been stated, although«s shall 

flfid that if the olaeo of ac*5 ssiale deoSi&cn proaednrse is enlarged^ 

soae of there gases with no aGuiilasdtst etratsgies will prove to havo 

solvr&unto   AB «n csssfiple of a gsasa %rith ne eqnilicriv» strategies* consider 

the gesm in -ahaUii the two pls^ers hare tss* strategies eaehe 9 a&d t for 

plays? I ana x sod y far pies*)? 29 and thsir ps^arr functions auw MIRMM 1^ 

the foUewiag table: 

ni«©r 2'8 strategies 

strategies* 

X y 

S     0/2 
i! 

5A    ! 

[   Vo 2A   i 
.   „ i 

•PM« nwnfoera u-e gisrda at each pl&sn in this ibibls, tha first iiasiesMng tcs 

psyeff to plajrsr i «sJ« £*« ssccgjd being the psyeff to pla^sr 2 for tite 

oorieapoadlag strat-iaos b^ the iiss pliers*   For saesspls, H, (»»«•$ n 0 an* 

Kg(ssx) a 2, sijsas 0/2 is fcbs entry in the table for strategy » by player 

X air« ~ by player 2« 

H» rsaoar can easily cwiTiaee lilEcdT !^ crs*i»dss the teS3£ 

tha<; there is no pair of strategies for ths plaprars such that swieh is the 

best to use against the other strategy off the pai?o   In this gaae it «2peam 

that there is as uaoglra jeelsiea rtils ^hieh is regional tor both plsjaro ts 

follow* f«r ix there ver©3 both plEgrer* iKrald kn>s*r it stad th«?a be ftifiiitod 

to fc^rd.cipat© the other's strategy in order to o-nooee their ora best ata'ate®'. 

la eass these is jsst oss squilifer.iMa pair in torn gtet, thssa «*© 

the ojiiy afepatog;l«s «ii*Hr. are ••.>ligi?2j.l*5 to be «sssldored as ratlonsi s&tt&vss 

• 
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to the dac&slm problssu   Hwwsre^ «wa thea, the etgdlttrtw pair ssy sot 

to intuitlvay eeoaptablu as a sciatica,,   Consider the gn> ia shiuh plsyw 

1 UMI *i»© StmtSgrlss5 5 SJ= % awlnAATKT 2 has t«rs»i st?stegi*9; ^ y- awl s* 

end %xs& pajaffs are *»»p2i&si£&s»* in the fcllssi&g tails t 

QtraieigidS 8 

t 

player 2'a strategies 

s 7 * 

c/o 3/-2 o/«a 

ayi 5» 9**. 
JLf\t 

In this gass the strategics s and x as© the only ©qailibriraa strategies,* as 

the reader can verify by checking each of six possible pairs in the tsbiSo 

Hoisaw7j) it mould seem that for aszw rsaooai the pair t and. y *ciid bs 

prefsriabla* sinse both plsjsra actually resaiva OOTEI from thess two than 

thsy do ssna xio ps&y SpX*   "swsvar, 7 is net a *m&s" strata© ftp  layar 28 

slue* playar 1 would bare an lnossti^? not to e'uooes t if ha Jmew player ? 

wwld shoos* y*   MM equilibrium stsntegtois are the only "safe" strategies, 

siaoe the pl^srs know that tbs appepaalg ovsn if ha knows vbat tfcs first 

player-* wls^sgj «H3. bs, has no intrants:*© to change»   Hovwsr. sts-thsr ^s 

*i«a to atecepi the ^ullibrlua cts^ts^es as soluticis: in ertniss 'sith only 

one pfe'Lr of tbaa is a natter «hieh nay bs qieatlonedo   If us obeoae to reject 

tho cqoiiibrixes strategies as SKltstl*S!5a t*<«m «a arast say* at iiitb the gaasat 

«ltb an vtqxanyyrixm strategic that the dstfdjsian probl**, has .ao sciatic?:* 

fw -eases gisaea© 

?~- gsssss IK ^Ssich thare is ssse1© than taw pair oi equilibfisss 

starmtegl£Ss fc'bs dissisisa prdb3.e& is* «»%» HOT* o<ssfuseda    For snob gauss the 

-iMSFS^MiiS?^*!* - 
-F«eviirtaaifl*•* ... 
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p&sgv/z* eannot bs sat*. Ishat tbs st*st««r tisegr pick i* A 

equilLbrian pair that tbri oppomst's stnttsgjr is* 

sssiber of th» 

lunaa* VIM   i<-. I.JL"J ».-_••-   {ym» 

—        ^A^iA* 

play#r l*s 

hen tl» paiis fiwx &.» *«jr «r8 both equilibrium pairs*    It would seal that 

player 1 ^-.aiil4 piwfbr to choose thB pair e9z a&d pl=ysr 2 sltssld preflsr 

t9y slno« plsysr 1 gats more ±2. tha first and player 2 get£ soar© in tha 

sacondo   HOMSciur$ ii' plaarsr 1 foll«sy his inclination sni cfcccats s5 

and >ji«war 2 chooses y9 awy srili bwiis #?ae ^ *&il» -10„ ?&lds is asssh vssfsa 

for 'both than either eff tJta equilibria* g»sir8e 

It is pcasSKte 4*5 ts@£i soue gauss in «hi£h tb»r* is more than 000 

•qailihrluft ga&g «*5 if thsy had enly ana equilibria pair-   These ars gonsa 

is uhish if a, 3 SL aad tu 9 t.are «quilibr-ius pairs, «i«a s 3 t and s_* -b errs 

als» equilibriaa?. pair©*   For those gaaos it is 0887 to show that ttt; osyoff« 

fyos &13 tha oouilibarisHE taira are tho sssast 

and. 

In this ease* it rsafass no diffensse« i»o the outcast sbieh of tha possible 

first cankers of tijs< ^quil^rioa pairs tlngrer 1 chooses,, and which of tiie 

second ssswtjars plf^or 2 choose** sluce this pair 3f ^nccss stratsjsiss sag 

~lgo ho as> eo^lllwitss pair. and tfea pa,yofft? from tid.8 pair avm wsm asz& 

SiSSSC*; .   
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as £rmk any other equilibria* p«ir<» 

W§ have stated ths dwisicn pr*bl*a sm asi&ng far a raJ* ahiah 

wlla pi-^is X itfdch strategy te ©hoes* i« »%! tfca ,?«i of a certain olasch 

V* have found that for sany of the ttjo-psrscn gaKca adtLeh » have been cao- 

aidssdng than* »pneiui» to be no rational solution to ths decision pirJLlasi 

-jithsr because there 1» no pair «*f equilibrium s-tratsgJcsj, or because thsre 

are too ESO/ seen pairs.)   It is possible to rephrase ths decision pi*oblsn 

saisswiat- so as to enlarge tbo class of •omissible decision procedure-So 

RatJ-sr than asidLsg i'or a decision ml* which tells plsy»r 1 tu*quivoe»lly 

miXjzt. .strategy to chocs* in any girsn gsaa w rsas ask instead far a decision 

rule whicb tells plagr&r 1 to fiallow soae pr cescoiiw mtxch uili i? tura tall 

Ma vhat strategy to chooeeo   US shall not cct-^x:^r ell sueH procedure^ 

bat canfiae oar aV;»t<olon to a opt* dal typo ca.li.id "rr.ndcBii*ed" procedure;** 

or ojjosd s-tr^isgiee,,   A z&ma strategy may be regarded as a procedurep 

lnvolring the ui» oi r&ndoa devices^ «fc.occ outcome tella plover 1 «Mch 

par* st?ai«i7 to us^r-   Eaass;, a decision rule -iiu'eh directs player 1 %o 

follow a certain raibapcl strategy in a gs«3 dcnz net tell MEL unaquircoalXy 

which pure artoatogy to follUm., but directs idci to ues a certain raadqs 

procadnroj, toe outcona of tidch does tell W:a \h i.ch pure strategy- to use- 

Of ooorsa5 our cdnosntratius on &l*&& istr-visgiss. is r»st acicidcstaL, 

We have seen that the payoff functions nay be Q3±en»*d to indues niwd 

strategies., hsisr*; that the mred stra'segioig nay be regar>ik»d In turn as pore 

stsfatsgiss ia » ga'ae *bwa« v«v*«?ftt ars gi«n by ths ertsadsd payoff faa*-* 

ticrtSo    Therefore^ nil the ecnsld&ra'fcioEB relating to equilibrium strategies 

and rational dee-JU&'ja principles apply directly to these grandad saasso 

Tfcs important point is that sass-. gaeius iMcis tora cs squliihritts. p^irs is 

'the spsaa of para strategies ha**; sroch pairs in Uit> eztended gssss of radb»i» 

• 
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strateglas.,    In this* aas*sc the ndxs-a strategies osastitutisg the sq«dli- 

brixHn paix* in usa extended gsne **y be considered as eligible osjtattdaiasa 

for o»ai jiiQiia to the decision praolen for the original gaseo 

Tbere is cao particnLarly Important dUcs of game for uhlan the 

sdLssd strategic! always contain equlUbsltM psire«> HJ*< ix they «*o«l»iii s^ri 

than -,s»i SBOA palr$ these pairs elvsyw satisfy the eomuis.on of *quiv»i«inss» 

stated on page 1S0    ISiaae era the ao-callod ggygg gases*    Zero»aan g«a 

are thosia in tfileh the infcereste of the players are (iisnstrieaiiy opposed 

in tie seme that shat benefits cot scast bsrt the trvJm'c    This coouxti'-oa 

of saisrt qppcslticr. em be stated as follow,; if £. and t^ are two atrate- 

giei? fc. yl»>-sr Xy sr4 ~ =d *^ *«• *»*» e*s**aais« for cisgfvr 23 than 

!L<u_^  aj 2: M-(«_, O !£' sod only, i£ H„<G,„ t_)   £   M's^, t )o 

If the aboee oatiditl'-*} la sntlafied where a,,-, s,,r t.B and t   are arbiirjoy 

sijBSd strategics ?«" a gt**?* «e». then it 5a eusy ta show that it 1* 

psssiblft to eho««» sllgflbSg gtility ftsisctioss for the players and associated 

payoff functions;, l\ ' *ad H,,15 scch that for p21 strategies a for player 1 

and t for player i.t, 

hen» tia term "set*©- «OJB" fer tfcsse gases*,    It is warthsMle to note that a 

g«ss «sy iuiixsiy tbo «,*oi!ltien «£ strict opf&sj.tieR for ita i3ore^str?itstny 

spacjiSj, "not not f»i* ite axiasd'-rljratogy ap&seso   !Kse condition eg st^istr 

opposition implies that; all pa&.*9 of fKiuilibyit:im strategies of a gwaw *»#•* 

.•rs sq-oiTsiiSSt in the »»«es# «* page ICAu howo!*ors it doea not. by ltsoli' 

guarantee ih*m an «<iuilibriu» pair exists.;    xx the atisriei oppuwlti^s csrrisa 

<»»eip to tht aiaaad strategy spaces of a gss-s (an well) « in other w<xrd!!j3 if 

aw g;^« i» 5SivJ--5U»» -; thsn thsi-s esiat* a-t. l*surt cro pair of cquSJi iSsrfass 

^•rategias in the ap«w»B of miaDejd sti»ws{?^e£i>   Eqailibrina pairs oJ" ssssd' 

atrategleii 5ja -ier«^-siB« gasjans are called ^-"—g^ 2i*.sVii^f^' 

~sifaasssms;..- 
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lasr* is vecey gocd reason t« *t««pfc tbs ndnlaas: strategies la 

gjHSS as rational sciuuLuuK to the i>vi«ioiS prsfelME f«r thsas 

gsasso   As KB tebvm noted., a pair of rtniiw etrategi.es .tear players 2. ana 

S! hero thn property of being equilibria Bves&sgi&s; i««« «a*k is bag*. <»> 

wee sgalast the other9 so that a ploywr wall bar;; nc reason *o change hi* 

efcmtsgy own if ho finds out what strategy tia opponent is using.-, or ths 

agveaant. finds cat ubat strategy b» i» using? or both find oat *hat ths 

other is using.,   Itarfchezmorej there is no possibility is the «*re=°eua gates 

that there are other pairs of strategies which glra both players )aere9 as 

in the esBsaals en page °5 since any shift which benefits one playiar issst 

irzr't th? c**r?rc   i&nallTr. in certain classes w* gasc£9 is *h±sh 1*» rational 

nods ef p!*^ 99»«9 vary clear (such **3 ebssskej?!*^ cbsos9 ti?»*tae*»t08)s the< 

miniJBUc strategy erdneddes precisely Kith '*h&ss rations! i*cdes of piay9 

Tfes minlBB:c principle (i<,e, the principle that players should 

play according to the sAniasat strategies) furnisfess an inteitivtly &sc;»pt£= 

bin solution to the decision prcblsa fur aero-suji flSBEUa   It san be cxfcsafited. 

to cover the sllght3y larger cft&ss of ga»e» aiuch satisfy the condition of 

strict opposition over the spaa* of pnrsHriraftegiesj c^an though not OVMP 

tfcs apace of ndxed str? tegieso   In this cuss, if the gscs has an eqicmta^isa 

prirt it is equivalent to all other etiuSIihriwa ]?air39 and furnishes as 

intuitively a«osptab].e solution*   Except f <«• tM»w ^slitl»«ly restricted 

classes of genes,) baeRver-s there are no ijwssrally accepted decision price!~ 

puese 

"s SETS' xBntien here two theories which eire csant to deal with e**= 

of the nssi eego»susi gsarseo    ens ia Sash's tfcosgy of bargsiniiJsg pro&la«Bs9- 

sfcich eaa be regarded a*? t?»o~perBcai gasss9 and the other is Rsiffa's th&asey 

1„ Hash, ^obn F.   0L71 

-•v<»e&ssa«iR&^s»^^ 
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of arbitration procedures;   which can be regarded as proceduress like nixed 

strategies, vhich enable players to arrive at a decision as to which pure 

strategies to choose? 

Before laaving the t«o-r*«r*Jon game between rational pliers we 

retrm to a point raised orevioualy (pages £U and 79) about the impossibil-' 

it?" of treating the sti-ategy spaces thomselvert as outcomes arer which Bemoullian 

Utilities can be defined.    It is clear that BernouTJian Utilities cannot 

reflect rational preferences £*? ?t«re Mid mired strategies in aero-sum gamesy 

for it often happens that it is rational to choose a laired strategy, but not 

rational to choose any of the pure strategies of vhich it is a randornis«t^on 

This violates axioa A„UJ  (page U9), hence indicates that the justification 

given for axiom A,!j (see pagta 50) is not TB na m TUTUS case*    «.<>ii ol»»t-i3 that 

if x ard y are two outcomes such that x preferred to y, and <«< Xi(l«<) y> 

ia * randc® combination of x ssd y, than x is preferred to <* x,(l«*0 y> 

«ud <•< x,(l*%0 y>   i~ profaned to y*   The Justification of the first part 

of this is that the final outcome of •<«< x,(l«*t) j£ 3s either xary. and since 

x is preferred - or « ind:1 fferamt to x, and is preferred to y9 then it should 

be preferred to the randov <i-?mbins.tian...   Thi? Justification rests on the sti.*!J. 

more ^mdasaHital asstsnpticn that the actual actoof randomisation does not aifeet 

the outccsaj which final2y results* i*e«, that it nsakes no difference to the per- 

son whose pi*sfoTiiisis sc are -ct<»i Bering whether he sliuply receives outcome x 

directly, or as a result of taking the risk cos&inat-ien <*< x. (!-»<) y^However, it 

dees wsikm a difference in a gam* whetDer piayrer 1 uses strategy s outright or aa 

a result of fcllowin*; gome firixed strategy* sty <-< e„(l-*0t*& One indication of 

this difference lies in the dlffarenc© in the concept of equilibrium strategy as 

applied to pure smi <ajxed strategies.    a pair of strategies is in equilibrium If 

neither player would have airy incentive to change if he know the other's strategy 

Raiffp.; Howard    [??] 

••'•> 
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**" ear tas othar kaaw hiiSo   IT the plsysi.3 ere usiag nailed strategist, it is 

isqwMsslble for eiti»r playur to tow? la advisnea ltoat hi* or hie opponent's 

pars strategy %ill be-.   Hesse the defiaitica of eouUibrtuc. strategies ie 

different foe- saws strategies.,    It ssuld be «t*tr*«neiy difficult %& tssss 

through the exact OGnsecpsetwv. of this change in ssaaing to chaw shy there 

are equilibria* raised strategies in sores in which there ara no equilibrium 

purs strategiesr and \toy a mx»d strategy asy be preierred to all the pore 

strniwglws of rfiiah it is ccxpouadsd; and se will iaet attempt it herso   It 

la sufficient to point oat the elgnificenos r*i raajkeasetion for tSm ©quill" 

brita eoneeptg ssd th? ftanseQusne* that randcKisatien of itself affect* th» 

3o5<>2   Stgatagggg in gjgfgos ga?g*«-, all |flggsjg   rata.*»aal 

the i»7*ion of equliihriss stratagies carries over very natarsHy 

to the z^person gwaas strategies tc,M»i. fw players lf,ooo3n arc ec^UlbriiBi 

strategies if each strategy,  s^ i « 1( 0ao*tt 5.8 the best strategy for player i 

to u»»p giifltc that tin reaaiader of the players will all choose the otSKi- 

«tnivKg3.«s of the act.:.    In theory,-, any rational eolation to tha desisicii 

prohlsK should b* oso rich that the BtrategSjes chcuen by the players of say 

particular gassm conrtitste an equllibrlun seto   Actually» for aiaionv £.11 

n^person gsass.o there are »any aets of sciullj&ritsa strategies9 «iu thtise 

«r» net all equivalent} nonce ibe theory Meets the s«ro« dl.triouitiao aneoun* 

tered in the two ^parwn gsaa vita squilibriksa pairs «bjL.c£r srs not equivalsssfeo 

Von 1 JemanE. has de^Aoped. a theory of nopersoit &NMS« wilds depessis 

on reducing n»psrsoa gases to tuo*persaa gsa§<» K5 eiwasian that Was players 

i'osa thftggelrsgi into coalitions \shleh then ba«»sai© 'si^per-playeys1' As $ ts©~ 

person gsnso   »& shall no«i consider this bhsory in detail9   but shall s*; 

l^See XASOCJ) i;.c Don Susreay of Ciaw3S:. Part All • n»Pereon (tarn,, 7aH Ko*5 
B'-arsau of applied £«i«I Research.; Hay 1953*9    E3?3 

--    • aft--'--".:  %.;.;v 
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<a» an asmsapfciari nada In tbs theory which has interesting la^Oloations is 

tae foundationa of utility,,   The gouts for whioh the Ton Uriasann thsarr i« 

d»*Agaad are all asstSBsd to be sere -suni la the gsnsrsi sense; that is» it la 

assonad that it ia possible to pick alisihi* utility Inactions far the 

players* wiiih corresponding payoff functios*., JL,,,„,B_0 such that for sa^- 

ehoies of strategies!) a.* a-..'><>»j>ers 

2 IL (a-,...,•) - 0. 
i-1 x   - n 

k 9»<*end assumption on uhich the theory dspaiKia is that in aona way it in 

possible for players within a, coalition to sake "transfers'8 <af utility saoag 

jsssi msthar so |hafc the payoff to the coalition ro«oLtirig fraw & givaa chdas 

of sueliticn strategy may be distributed in an arbitral way aioong the ocaa* 

bars*   The foregoing asDOB^itiua is often labeled tho <aasunption of transfer*" 

b:Llity* of utility^ and is a basis for assy attacks an the enpirioai mpplLaap 

bility or yon tfeuaara's n-person gsss» thssisry,.    Stated as an assumption of 

Hransferability*s of roorwa,, this sssjssption is falsa «i logical grouiau* 

alonog since the void 'transfer' applies to physical objects, not to the 

woman which «rs ths 7&luse of the utility function   Hews*-**?* the asstssp^ 

fcion car. fee rssiatcm ia espiricsliy aeastn&ful terns in aeefe a way as to 

treat the :nequlreasnt.3 of von Nei^aann-3 theoryG    What is ne<»*sa&ry is that 

there be t»<it* vhiah players can perform which result in utility changes to 

the players but for which the mans of their utilities before and after the 

act ar*» tha wave.,    To take a concrete exacple $ the act in qoestiesi say DS 

for th: first pljjyw <VP hsnd ths seaond 6 dollar biilo    lfs in Lh» »«il» of 

utilities in whitju the game1* payoff a ire being craspubed.)  ths changs «T 

utili v- to the player who receives tii* dollar is the negstivs of the change 

cf utility to the player who <;iveG the dollar (,in ether words,) the auum of 

^?^t?^^mm^mi^mmf^^m^^^^w^mmmm^^W^^^ 
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their utilities before and after are the ssse), the® the act at bandiss tho 

dollar oSX perfo&nB tb» type <** function thlch is required by the von Beoaazaa 

theory* 

The von Eeu&aar. th&oiy does cot throw maco light on the deocLsiea 

problem as we have atatsd ito   It does* htjwsrsr, ijqply fsro principles of 

behavior (either descriptive or rational; depending on the baste lntsrsret&- 

tion of the theory)-   They stats rftiah coalitions can fora, and how the 

payments will finally be dietplbutsd o&eng the «©tebers of the eoalltlono 

l!hese9 of course, rest on the two assumptions nentioned ehwms and an the* 

asstaaptien that the utility • transfers1 demanded by the theory will actually 

la aadoo   la & vide ;i*nss3 -11 t-H»«*e assuHpfciaafl come under the heading of 

decision theory9 Just as all ve&uiita.-.'y behavior f alia into this category j 

however, the discussion of these aserssptioss is too large a topics azA -ou-ld 

taks UEI too far afisld to bo included hore0 

3o?-3   Statistical Qgctj 

Vs shall not stteapt in this section to discuss all ea? even a 

large pefee'£tag» of the various decision principles nhicfc hswe oeen advxrcctl 

for statistical games9   In our pT*eidou3 diseussionsa  the chc&ee of a decjgjtie 

rule depended on saas assumption about what strategy the opposing player vsold 

follow-   HowBw^fs ^n the statistical gsn». an in the ordinary doeisies uager 

unesrtelnty, we ssqsre&sly assuaa that the person, making the decision has *i0tldng 

to guide Mm in gsessing what strategy bis qipcjssat (aaisre) will followo 

Th& statistician a;sy shsoss a Ilj^al action after gathering statistical inf«>- 

matici as fee the staJ:e of nature s ssch sinew sis pcraiagy is a statiifileal 

decision procedure^*" he must choose this before fcs e^rer gathers bis inforaa^ 

iiouo   Therefore ths staiis'tieal c^ci?^Oii» problsa may be regarded as a ape*'   " 

1» Sec 5&ct» 5ou<> 

S: 
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case of the decision problem under uncertainty* and vs> shall not expeet that 

nmwld&rations as to the actual state of nature will play any part In the 

choice* of a deeislou procedure for etatiotloal gases o 

Hany deeiiuion priootplea are used 5JS practice j therra is* howarotrj, 

one condition to vhich it is natural to require that all cf ifcaa «onf am,, 

This is the condition thai they always select adaiaiAble strategies la the 

gam* to vtaieh t«»y are applied<>   An adalssrlble strategy*. »» is ^oe SU»H 

that there i» no ether strategy, say %t whish gi^ea player 1 a payoff as 

high or highs? GO s^tts? what strategy his opponent picks©    An iaadn3£83.blg 

strategy then, is a strategy for player 1 iraflh that there is another strategy 

for player X whleS} glvis hia a better peyoff (or at least as good a payoff) 

no matter *hst strategy nis oppwoui. olicr^c=0    It is i*>*arftiwely dLszr tha*- 

player 1 should never play according tii an inadmiasible strategy, and heas? 

that he should consider only thos*. decision procedures which constitute 

acraia sable- strategiesa 

One ieaisicr. principle that is oooeonly used is a Bayes Frincipleo 

Suppose that D is the class of decision functions (ioe<> strategies for 

jisycr 1} f«r a gir^n statistical game, Z is the sample space for this £«&», 

JLA is the sai. or probability si. strib'stioas <?v%r 7. corresponding to th* 

pasidhle *tataa of Hatuira (ioSc X*. is the strategy *.paee f?vr Eature)^ and 

M Is the p«yoi*f function far player lc    Flayer 1 may assu&v that Nature 

picks a strategy according to some random plan or probability ditftributienp 

j  r, and binder thtise cirousstaixcee it is possible to define a utility for 

each of t&s decision functicsus la 5« -x.c' solve the d^eJjsioa premiss, by cbaroS- 

lag t-bfiL':. function with ~.i*i highest utiHt§r«     Tbe utdiity of a isssLs** ou .Taas-* 

3, r.  Sen pag*> 76a 
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function^ do if Notttrs uses randan stratttgy *>'   ** 

ZVCdtUl}? (ttl), 

and it- is 0017 38G333877 to choose d so that the above expression is 

SKwcisi-ac.o    Sush a d*ci«ion nrooacUir^ is called a Bayes prooedurso    xv can 

be shots* that asy sixategy selected by a IWcrss principles is admissibleo 

It should be noted that there is no one Bayes procedure, since the 

distribution ranoM«o9   j . will be chosen^ presuwably, according to oonsict- 

erations relation to the particular game in nraastion.   Indeeds the decision 

problem Tor statistical games could be rtrparased to urns, vhat Is a rations! 

a«3\»imftijsi to mfiloe about the distribution fusssid^n    0- 

A ftefH.sian principle which dfc»»B"soi»e" tne oeeiciva prwag -it-c^t 

referenDSs to any arbitrary factors :m?> as the di*rtrlbnt±on fraction aosopad 

by the Bayes, is the HinSmae? prine.tp]j8o"~   FataysSly 2tatsf.5 th% HlniasT pritt" 

ciple says to choose d juca that 

ffin M(d,tU) 
UleA. 

is s M«:Hw».«nt i»eA to etcess d so that the worst possible oatccro to placer 

1 from any chodce5 lUj by Hat\sre is & ?iax5an!ias    ?hia is actually the sine 

prirsi?-Ls ss the Hindne-t principle fox tha aero^ajaa tvo*peruon gasase^ WJ» 

diffexencs beis^ that aa applied to statisti'sal games, it does not hawe the 

same justificatioii as it close for the saro^siaa gaaeso    In the aerc^sna games 

between two rational players there is good reason to beliefs that ths oppOB=> 

eat will cho»»s his strategy so as to hurt his opponent tho most* bi.it there 

is no reason to bslisvs that Hature will aet in r.his way„    Tha MinisiKx pjri«i« 

ciple saay bo called conservetiro- since It pieks a strategy -amen mira-wiies 

the possible less to plajror 1,   At the other end of tho scele9 it would bo w 
lo This n%j oe r*g&rc»*u «u» ~ opcoi^l t;is^ of *!» Mlnliaatx solution ttofissad 
for-' SHHrc»*um tv&'-^jerson £?ss?3u 

1     '• — II        I lil» ——— _U4.. 
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pwdK* t*> define & principle which alaeya yiei»«i * strategy iiiiah 

xdsed *as posidnls gain to player lo   I*» btiwrn toe exsrawly <pt3a£ati3 

and extras!* peHaSj&stlv pvincip&ss are s wrtetv of others such as itee, 

Hini«x Lcaa principle.   This principle <ftr*«rts that d fee s*M»«as ss that, 

ths ss2±as*.i loss (differBrana of actual payaff sad best possible payoff) b« 

a aflnlnnau, 

all ton ww? pflnsiples ess bs shsgs to pick a*?5 «*ibla atrategiGs, 

s«i tbsra saaas %~ ba little raa.eo.-i w> •ch*»~* one in pref eressa to the otfaao?** 

^1-. ttisss; prlnslyV-r1 bar* b«»n *r>nli«d in practice and it la probably Mr 

V". say that which one %m applied in a parSdcolar inst»JK» ia a setter of 

the statistician's taste. 

SaMEWMM«B«IMiMWKBMMl»M»«gH;BlW^ "^^"inliTr^-iriirifnr~~~"rT|:i'T'"iiBl1 «g'y»Mi 
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k*   Dwotjptt— Applications of Bsgoauaiian PtHllir 'g&acry 

In swsticaji 3< « sorsidstrwd »mlication» cf utility t2:sery to tfei» 
<-. . 

dectij&en prohlam in gsneralo   In cor discussion there* w assuaed titts ssil<* 

ity tbsc?73 a&d •>•*» various decision thscsles based an It, were wearies <s£ 

r&tivo&Bliiar «» that they proridad isrljicioles union wars in sooe sense ion 

beet to fcSLioif in gslnisg tfi» ob^setivttg i&ueg values are zgvm by the utU» 

ity function*   That discussion, Including the different definitions of 

decision prineiplos, can be carr3.sd over and applied to utiiily deoisiai 

theory as theories of actual behaivioco    In fact, thr descriptive applies" 

ticss of BearaaollaAg utilities axe to just tbvee areas whioh ccrrespcod w 
• 

tb& theories of ratamality described in s&otlon 3: i»e» to dadaiaa'^aad ag 
1 

behavior*   TJafert-ust*»«.y. -Mia u««vi>lw t£^ plcr^-^*v ""* ***" d««i«ior"r.TBlBartf 

knew sfeat- all the poeraible strategies are, and what tea corresponding payoff 

fancy one are, and are shle, in the cane of g«as theesy, to calculate «» 

ndninax solutions is all but fatal to iny descriptive interpretation of 

these decision theories In situations of ovon moderate complexity*   'Ths*©-* 

fore, we ah&H fisd th^t all the empirical applications cf utility thoosy 

?aare been sade in ertyg**d-y fdaapie (scmetiass in artifioally sGhaaatiaed) 

situationse 

Sc far, the raain esnirical apiuLio^.tiant! have been loads to si tea* 

Masa in "shitfa the actual payxasnts at tits Otetsss; "S&re iu ac-s^y, *u<d T*here, 

as a conaoqxisnoes the only utilities involved are for amounts of money*   In 

ths next two subsections we disco?" two er«-'~ aj^plications* 

We shall scs that the attempt vs Sjp3y HernouLliari utilities indict-; 

iveiy brings up $x&tiMU £•-•* KzLeh thcrs is no enusterpairt in the intszpreta- 

ticn of ufcilitsf as a theory of rationality*,   To mention one or theae problems, 

it is nsosassjty to «s3u£S3, if utility t.i->«ary 5« to be usec. predifrtively* 

: 

Tmnn-ii 111 iiiiimiKMnwiniWi(1 HIPII ,|y<Bi|m IILjimmji,. 
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that utilities **«s%in constant over tds% w that if thsy de net reasln ma» 

stance tSsa it is naoeasary to know the lawi gosrsrninp, tfcss uaj' they change 

In our discussion of the basic 3nterpr*?tat-ion of ut5J3J.ti©« (See* 2<,2)j, no 

such Agmuaption ws5 macie^ and la f&et» %» have acted some ^/i&sons shy util- 

ities should not be applied to oequsncoe or ceoa BXIXZS-.•>    we ahsU disease 

scsss of these •irobiaaa in aeotiojss U<,3o 

n 
U.,1   Hypotheses Kagvlainiiiig Gasfcling. and foaurance-^uyingo 

In recent papers- Friedman and Sevagnr have advanced a byptrtbeeis* 

baa»a i>n •« sscuzsvd f«««"• s£ ths trtiii*?' fanetion of aenry-j attempting to 

ssplftin i&y people m*y gamble., or bv insurance,, or do botx»   S>;u>8eq^ienifcly 

Msarkoid-W advanced a modification of this theory, mestiag certain difficul~ 

ties inherent in the .-/.-agina! theory c   Wo nhaul discuss these theories la 

this section* 

Sis centanal feet cf s. ccssstshat pnradcad.Oiil nature in both gaafollag 

(at least in c?.?"* A&rs thsrs ie a honae ''eat')* and buying insurance is 

that the expected v&lra of the money return in both these instances i* 

negative•   This appsa^a paradszical from t;« point of view of classical 

theories of gaBbling9 wliich assumes that p.jrsous should tak» that action 

for which tiw expected value of the money j^tuu-A is the greatest*    uLsarlys 

the individual T&IO gssaoles or byyo Insuranou cou3.d choose a coarse -abiea Ims. 

a higher expectation of v^^j rsVonij, £7 gimpl*1 «ofc eamblingB or not gasibilog 

lo It *&11 foams'® -apparent in what fallows that this theow applies only to 
isssrasfi* In mhieh tlis buyer and the baoefieiary are the EXSIS person, not$ 
fs*s e3caaplas to life insurants o 

20  ifTiwaanui ikCd S-§.Tsg3     [$] and   [10] 

3o HerksadtB    £Xi*3 

>i*^iS8*^gi^*£=r355B^ stfSsSfeESsiBS? 
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the insurance.;   In jnodaani theories of deaision uoder risk, the peracs. *& 

suppose* •»>•> <(thc«e« that alternative ttvich lias the highest tsspsstsd gtdlltjr 

outecew, hence there is no contradiction «ith current utility tiafioey in 

the f*mt that a person asy net act to marina Be exported money, cad one sagr 

attempt, as Sriedaar. and Savage aad Markowltr do, to esplaln gambling «nd 

insurance buying **y asstsaiisg that the utility function for money has & certain 

Before prooeeding to their thsoriea, let ua nets "J±±% the fact 

that people do not play to oaxitaise money- and that in sons ias lasses it 

seeois utterly Irrational to play this ways was nctad in the 18th century 

in conassfelea vith the StB Petersburg paradox, uhich led I>or»ial Bernoulli 

-to propose the first 'Bernoulliaa* utility scale a   The Sto Petersburg 

parvdCK «csssrs& a gsse wh-teh is played in the following wayc   "ihe 'haa,**'1 

sHo*»s the player to t^oss a fair oocoi ag ssn? ilr;ss. ^£ assessasT' urrfeil it 

falls heads, then the house pays the player 2a dollars•   the queaticsx iiip 

hcsf smch should the house charge the player to p*y for the right to pi*/ 

this g&K37   If the h^use is interested in asking sura that its own expected 

Money retrrm is positive, then it should, (a»arge an mount slightly in excess 

of the expected value of the money to the player from purring the gsss0 

Ceav*rtssirs if the player is interested in Tsaxuaisiag the expeetad value of 

mcnsy return, he should be TdJLliag to pay any amount less than this expscied 

v»la© of the money return from the gaae for the .privilege of playing ito 

However^ it ia eaay to show that the sapeeted value of money from this gmm 

is infinites lsetsas the placer should be xrillisg ts pay any aajount of coney 

for the prlvilega of ploying it*   But to most people, even one thousand 

dollars woui^. be too high a price to pay| the chssoa of even getting bask 

the amount bet voulu be just ens in tso thousands    Several ingfinxcs&s solu» 

tioas war* gives t-*> the paradox^ most of then sa^iisg taa principle that toe 

vcis an&i^sg*"?• ansumi^ 
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player should act to sssisise >sia ^aaey *xpsc*atittij h©K3>?er, .Denial. 

Bernoulli's solution took U« revolutionary tack, of repudiAtiLnj; that 

principle, and proposed instead tfcat players tic incssd attespt to 

asadatas a Taluea feet that value la not proportion*! to money,,   Bernoulli 

solved the paradox by assuming that the valus :ls proportional 10 its 

logarithm, from which it fellows that that value of the game is exactly 

fear dealers o 

Even with Bernoulli *e a»wsnptiftr>; it is possible to modify the 

ft«o» In suoh a way that it* expected value (or utility, in s&dsro terms) 

is iafiniisj ls*e if ^hs house pays net 2° but 2^ dollars to the player 

if he tosses the ooin n tircea before it falls heads, the valtaa is then 

proportional to 2s, sis& t&e e2ps-->t*w value is infinite £    In general, if 

the utility of iaosey can be arbitrarily' Wga5 tasa it is posgihla to 

defiun a Tsiria.it sf the St- Petersburg game for which the expected rslxm 

is infinite, end for wMfih, therefore- the player should be willim to 

pay a»v sassst to play*    Since it seems unreasonsJsle to be willing to pay 

en aifbitrarily large amount to play any gams, it can be argued that if 

the utility of money can be defined consisiently at all, then it must be 

bounded above: l«e« if u is the utility function*, and u(x) is the utility 

cf s doller*^ t**»re «siet be sous nuBsber,, say k„ such that for all x, u(x) < k. 

If the function u is plotted 

E^aphxcaHy;. with x (tht? 

amount of sonsy) on the 

horizontal exifi. end u(x) 

on t/» vertical axis,  the 

abews rjsasBat. j*s;lles 

that there ia a line above 

which uoc curve doee1 not 

£C   (SC9   Pig*   l)a 

u(x) 

/ 

"   It/. 

/ 

• 2«k 

Figure X, 

^^On^^WSMU^;. 
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She theories of Jfiriadnan aa£ Savsge aocl Karkswit* can be interpreted as 

Siris? ouwr wrguB>.s&s lite the aSbove as to *hy the utility n», nouaor 

curve shssldi ba** oartKin ggcpsrtisgf 

The first ph@noaeaon which Friadman and Savage aiteupt to explain 

is gaabliag9   They tabs as a typical caw gss±il«s in which there is £ foisrly 

snail probability af inning a large avount* aa5 a large prebaMXitar of los- 

ing a CBW.LL asaaSU   £•*<*• BAehine8« reulette9 and latteries are scsag this 

%p<* ef sjanbieo   All i&sua gaaee have the fcatore that the emthenatioal 

Gspe station of awssy •Kdnniisgs in piayiog thssa is negative* and is in fast 

momSiSRF* by the * house percentage.'    »eirsrc2@usNwi9 it is tlse «*#» that 

people play them, and, even leaving aside the factor of extdteaent of par- 

ti^Hnatliai (which He ruled out of consideration in our tiiacussivu off ths 

aaiqes of uii-L ty), >*» may seek an explanation in teraa of uidJLl-fc-. 

A typical ganible at iha typ* rsfsrr=d to abcrra »sy be represented 

in our f oraalian as f cHowe,   Let b be the acount the tsas. bets- let « b* 

the ssaunt the «n Miss if be vim; let I b£ the asse"** of money he has fit 

presents and. let p be the probability" of vising.   Then I •«- v is the total 

amount the aan nil}, have after playing if he wlns9 and I   • b in the total 

amount if he loesso   H© has probability p> of ssding up with 1 * v asrt 

probability 1 - p of ending up with 1 - bs this is a risk outecwe, and can 

be represented in our notation as:     ^£pO>w)0 (l"p)n{l«b)^>o     foe utility 

of this pj^csseet is just pu(X+w) • (l^p) u (I^Oo   If tb& aa.i prefers to 

gfttSMt rathe? than not gaatbie &nd accept the certainty of remaining **ith 

tfcs- susfKXfc j.0 has sszLi la tJssn it wast be that 

m pw.U*w; * vi*v; « u /Ir=fc<S    v   «(T} 
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0& the other hand, *» have postdated that tha vap«2ted. money gain ftw 

tbe g&able is nagativw<>    The ospedved mon*T i><»» ssoibliag is ,just 

p(I+u9 • (i-pKl-*) which w &o»uB£ is lass thta It 

o(T+oJ) + (1-pKl-b) > I 

Thiii sitaaticn is represented graphically ic Figare 2«    la this figure s 

straight lias has boen drawn beW*s?i the points narking u(I«b) and ad^u/),* 

and the expected utility points pu(l+uijj • Cl"*) u (I-b) is located « the 

lias directly above the point on the x-axis marking the expected muaoy value 

of the best; p(l+uJ * (l-p)(l-b)»    The reader c«a easily convince himself 

that in geoRral the ejected utility of any probability combination of tiaa 

5strs5»;5 T+tpauid I«b; must 11a on the siifsighv Una between the correepCuu» 

ir» utility point-*; directly above the point on ih3 »-axis indicating the 

expected e>oney valuu of the probability combination,, 
ufx) 

<->"(!+ U/)+ l«p)u 

SI I 
5!  I 

u(I+ to) 

jHortre 2. 



* In Figtr^a 2, the aapect&d utility of the bet is shown to be graatwr than 

the utility of not betting, atid the expected jno&ay valoe of the but is 

auOtfB, to hs l*ss than the evicted money value of not betti t*»   A perrec 

*h© has a utility curve far vhieh the three utdiitise n(I-b), u(X)9 «au 

u(I*u$ have values as shown,  could be ^jspectwc: to gamble in the situation 

describeds, and a utility curve of this type csuld be said to "explain* the 

pl.0noeenc;a in question*    If we look again at Itigsr* Z„ ue note that « 

gambXi» is that the point marks-d u(l) in the figure lifts below the line 

somjooting the two r-cr'-'rfcs marked u(I=b) and u(r< iv).-,    This condition is met 

by a utility carve trhich ia concave dcwnwarfl in the region TUSW eou*lwgra- 

tion. as sheau in figure 3c 

postulate a curve shaped as 

shown in Figure 3 as au ex- 

planation of gas±>l±ns:.    In 

this figure I represar/fca 

eithsx- cuxrwiil. incase,* or 

cue ternary inecssoo    The curve 

is shown concave downward above 

lu and ihis BCCPUJI:^ ?"v beta 

of tbs ^ps eonsid»re'it in 

which the possible giiin la 

large*, and the possible less 

u(x) 
S 

£1 

>•*"" 

• ——T3K" 

/ 
./I 

0011^-8 

5-0) 

J*S!H3i2* 
4 ..     *"*.* 

L »jv w* 3    £.-.    *_*lii-r     vi.v* ».—i?    !•**•»*,"*•*•   WXA   u<cn    uu^^ivMr    *.>*•.%*• »*?   *»- fp 

indicateda and the lowest one is only a f.tbaxi distarss balsa JL,,. t&areas thtt 

higxjest c<flE> (l*w)» is nucii higher ti 

-1"" -= •^••iCBl^'SSws* 
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The hypofchasi* that ttoi -ottlttgr carve la convex dsiBMavd la sor* 

Interval, sb&rs I eaplaina gatabliagj bs& dees net prescribe vijat ;.»hape iiss 

esrve Is v» have catDid© tide reglwuo    rrisAKiri s^d Sav»g*» propose that t&5 

utilily curvs is convex upward In thr» Interval below I (current income) is 

©r&*r to explain the buying «? ins»-<rsnee„   insurance buying la typified fcy 

P«yiu& a certain small fcraoust,, s«y r» ft*? the security of having amount I«p 

(which is the amount left £f*oi the present incctas after tksi inywanm Ires 

been paid f<sr)o   fl« insurance insures the iwa «<4*iust «. risk of losing » 

large amount* if on event with a small probability takes plac*e or else not 

losing arything in oase tha event doesn't take place*    1st us suppose that 

the man loses d dollars if he is urdnsruredp arri ths» cwnt in question occurs, 

&nd that tea event has probability p of occurrlngo   Then the altsiaitive of 

not taking toe ir=ruranss has •tee risk ccitcsw of gsttlng I~d dollars with 

probability p, amd getting I dollars with probability l-ps  aid the alternative 

of biding the iue-GraEce has the certain cutcoms of getting I«*> dollarso   Tl». 

utility sf the risk alternative ±B just pu(l«d) * (l«p) u (I), end the util- 

ity cf the second alternative is Ju«t u(I»r)c    Since buying insurance is 

preferred to taking the charesg wa most havm 

pa(l-d) * (i-p) u (I)  <  u(l-r) 

Furtheraore8 ue have assumed that the ss^ct^l vsltss of the scssy to be 

geijned from buying insurance i« negative (at le&at, this sasas to be the 

assumption that i±\suranoe ecsyanies operate natter )9 honest 

p(I-d) • (l«»p) I > I«r 

-"i^lEr^i^iSas^SK^IM!^^ 

IJTiTiil'MMImMM't in 
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Is Figirre Ij M« rtfpi*eant this situation,, sad a eurvo la tu:*SE ?feisb wsald 

explain the buying of insurants,-, 

91 

! 

u(I-d)/ 

/ 
A 

/ 

• 
/ 

/ 

u(l) L   . 

Dollars 

« 

-1 

•1 = ! 

F<£nr!W   ll. 

It can be easily shewn that in order for the tvo inequalities above to t« 

satisfied, it is neoesaary that the point aartoea u(j.~r) ii« «bvvs ths lias 

jcinirig the points marked o(l--d) and u(l)s and it is simplest t     raw th* 

utiliiy crvir?» aa concave upward in the region in quostictso 

la Figures 3 and U? >» have shown that utility curve?) vhieh are 

concave dowiward to the right of I aapiiln ^^a'ling^ and curve2 vhi«h are 

concavw toward to ?ibe left of I explain insurance buying % -m can eombirw 

these into a a±n£\'« nivw «Siieii explains boi&o    BSWWI&S before coewtettcrting 

the J.ln&I currcB it is well to recall the discussion cf the Sto Petarshur-g 

parade^ in vhi«h it was argued that the utility curve must be bomaded flfco 

"-=•——rir-r—riTOKiUMr^T-"-^—Mi^TrTi-n~onyBpT—~;;:."~...~J- "L."  I !.•_,  •W.M. 
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t*lew0   Th« cmrro resulting fru« all these argorwnts is saowa In F3j>ure 5« 

This curve seens to b«* tb* 

slrsplest ^pa which Is con- 

siatont with all of the 

fasts discussed so far. 

It la wartlBmila 

to pause hero and cae IT the 

fsirva thii£ drawn explains 

any oilier «Bll^krwun i'aci.» 

othar than tba ones which 

it »«s originally conic ca.*utriod 

to explain© 

FT /! r 
/ i i 

i      i 

Figure $>. 

/ 

x 

s*. 

Friedetan and Savage consider cha factors inflwencing the distrxmriion w 

prirses offered in lsttarioso   They note that al&egt all ietterlM offer a 

graded serieu of priteafl starting wits one er two rary large prises at the 

tap. and working dew to quite a few rether anall prises*    They aasuas that 

the lottery ujwratwj attempt to ccr.strsxrt the schedule of prizes in such a 

way ti>at taoir profit from the lottery is a iM^itaJsa subject ie the restrustier 

that the custcs-rs :?3g&.'rd the tickets as worth the purchaso price o   This 

whole prpKLeo can be translated lute* utility terns in which lottery tickets 

rep    ront risk jrjtuoaes with risk utilities t&ich d-spsad on, ti*a prises o 

c.fsred evad to* probabilities of winning thea., aad the lottery operator 

seeks to adjust ths prises and probabil.'iJafie in sach a say i£=at the utility 

of a ticket Is g raster- than the utility of the purchase price9 and at the 

*>«» tiaa the sum oi the amount of ths prises is a adniisac (and h«nse his 

profit is a aaxJaeaQa    Without going through the an&iyais he:?*,, we state 

TmtuaMBtWv^zmmt^m&BmSSSSSgS^ z±.ii**~mm^,MKM*^B&&t^*** 
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m w thai ths assusfciaa that ths utility curve ia everywhere to the right of I 

convex doaissar&Sj Instead of Jjtxst> in an initial interval* as shcan in Figti*! 

5» than the lottery ticks! operator could maks the nest soney by offering 

jojft a single was;? largfc prx-se, tetter than by offering a atafoer of pxi*ss 

of varying amount*; and varying «;* ctsilll-tie!?-    Therefore., tha fact that 

lotteries do in fact of far a variety of pulses argues for* the feet that the 

utility onrve does not continue to bsssi spuaerds ir*fefiiiitely to the right 

of Ip *~-* saagTi i-sstsiyi start bending tha o-ihar way again as it moves farther 

onto 

Another fact cited by Harin*dts i» that pecpls in general rsj«ct 

*sylED»trieal, bete5 that is- bets in wbir-h the aeicucts wa&t east bo lost w* 

won are about fchs seas (this is not supposed to extend to very small betsj 

in t«hich it can be aasissed that the .ygouot of money involved is not inpor** 

tsuit to the bettors )o   The fact that the crcrve as drawn in Figure 5 is 

sycsaetrj.val about the origin provides an explanation of this phsnoraonooo 

The rsfcuar can convince himself of thin by reprsssnting the amounts to ID© 

von and lost at equal distances on either side of I,  and connecting ths 

corrPsponSLiig utility points by a straight line9 as vac done in Figures 2 

aad Uo B<sts wliioh have a greater than $G£ ch&xso of loeiRg wLil have utili- 

ties lying on this line to Uso l«£t of its aiefco^at, hence below the x-exl§5s 

which represents the ntility of I«   Hence these beta ^sill es rs^eetsdo 

JTisdaar. aid Savage suggest tha-h ithe utility curve may in fact be 

acre cosnlex than the one drawn in Figure 5 s that it may ic&tead have s^sss^ 

•huaps', as shown in Figure 6o   The curve of Figure 6 <*tiil explains nil 

the facts nenti.oaed so fa?- and th&xe seei^s    :• rft&eon to prefeir one to the 

othw7.=o   However,, Friedman and Savage sugges.. that these * steps' may in fact 

m&mmm^>mwK*^msi&^mm*&£jm&?.w 
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x-Btjrasssfc discrete lewis si 

aspiration far the individual; 

corresponding to da finite 

social cxaattov sh=ss WRElyn 

corresponds to the different 

isveiBo    At tbo top of each 

huapp  there is a oerfeain in- 

terval in *fei«h a large change 

in *«ealth csxrJAS littis 

corresponding ishaiiK? uf utility.-, 

Friedman and Savage say that t 

this may b« due to the fact 

that all the incases iu this 

al 

/ 

y r 
I 

Figure 6. 

intwrrsl srs associated «ith one ^t*onaaxc class...  and thai a chains iu waalth^ 

as long as vua mains in ths seas class- may not be import*: nt.> w*»re&s * 

chance in wealth tfv't"   carries a person frvra ona class to anot2<sr (correspond- 

ing to ,'joinK from ori t:t*?p to another^ eves* ore? of the steep intervals) assy 

be regarded as such rcore iaponanio 

Baron* passing on to the nest tcplc let us briefly not* some possi« 

bl« objections to the theory just presented,,    Firstp as an explanation of 

galling* it leaves out the vnxy important factor of the ^xaitament of par- 

tioipationo    In the ab:jsr.'.s? of any exact experimental aai*s it would ST-SE, 

that much of the type of gambling considered in thia thouvy is of the kind 

in which the amount of money risked ia quite small (at least for any one b»*)a 

and that the actual value of the money may bo a? ccmpciriibic* magnitude to the 

value of tne e.xdte;nsnt of ths gszabls,    Qnt< is t*wwjt**d fee sunalse that tlss 

tjui-ehsxaers of lottery tickets do not do BO after sober consl deration of ths 

^^•eaawags^awjJWWBJBi^^ 
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W relative values of the aoney b«t and the p.riaes to be vomj, but act tG & 

large exter* on iis~jleev,   *c argue that tha waount of money spent on gsB&»- 

ling may ixi total *BK<mi to a siuabl* portion of the ganhler^s ineoae sad 

henee that its value is laxg?5 in ccssparison to the excltetsent of gambling i» 

net to the point9 ainoe the stipulated Interpretation of utility theory- re- 

quires that it be applied to deetajona cade at a particular tinas   If it la 
i j 
r assoaed that utilities r^ier to average behaviora tlian the asstaaptions by 

which axioe A0U (soa paga U9) was justified are violated, and it   ao  imgsr 
G 
f 

folltwa that a BernouIXian utilr.ty function exists* Thonj) even if U* total 
i 
• 

I asssassfe bet over a period of tis© i» large8 the asount bet &t »iv given tires 

by m^wt paecla is aaallo and i; scons likely that at the time the bet vas 

aaiJejj on* of the tadaf motivating factors was the tiiniJ. of bettings and oar 
i 
1 ai"guweat5 fsr ss£.2:± A-,? LTOSIT \hat this mast be a negligioia iaewzc if A„7 
I 
I is to be a^'ABiiiiu* isci ^ utility runr&xaD exists 3 

I In any event, the orincipal test •uhich any theory must face la 

f yhethar or not it s^xseda in predicting a large varied'' of phenomena* and 

I A«paeialiy vb&namns. shleh it •sea not originsj-ly introduced to ejqplaino 

§ Whereas? the »befv» theory xailiaset. iriis tsst KB cannot- aay, bi^  tlsa crtticiama 

suggest that if it is to be used «dth any precision^ the basic interpretation 

wiH have to be more "Nearly defii>sdQ    In the next ejection ve discuss an 

ex^dristsst deaigced to test the theory, in discussing it «e shall see on* 

possible •aay of givinc the baaie concepts precise •,3?.aning»3 

S 

• 
,l/,82   The Moetejier-tiogeu ExperiEBnfc 

* In a recent paper? Hosteller and Noyee* have pub.lishfd the 

insults «f an eaBperisent on gambling behavior vhich aas intended as an 

L empirical test of tus l^sried^ua-Savage theory diseusweti in Section Uolo 

*•% 

1(, Hosteller,, Frederick., and Rogse, Philip    [20 j 

i 
I 
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This *>irftrtes2st con«if^ed in ranr&ng sub.}ec&» throiigfci a ssriss a? sMfclso 

in >ihieb tbay wars perari.tted sither to bat Sjfc, or not fcat against vai-lwas 

amounts of »o»ay offered At various odds *>y the e^q^rtaeKisrp    taa tissse 

playec was s vsrisiy of pokar die* in *aiwL\ the sspsrifcsenter roiled a *'oaaar 

of 5 dice and bat n eertain sum, after uhieh the subjects (each playing In 

Axrn) had the option of betting £g and rolling the die* to try to beat the 

experinente^s hand* or not betting and posing the die© to the next sub^sut* 
i 

According to the theory of Fri/adaun and Ss.vag&j each subject 

should pt»aob6= a "utility ri* money" curve, oiiu should bet or not according 

as the exDoctsd utility of ihs bet of fci^d by the osiperimenter is greater 

f; 
i 
I 

uU.15.ty of ioairg !$$<,   According to the Friedman-Sa?age theory* once the 

sere point and unit of measur^inent hs-rs been chosen to determine the utii- 

ity of any amount ctf inonay, say n oentsa it Is cnl^ n^cessaiy to fiw* son* 

probability p, such thai the subject iti indifferent between a bet which off era 

a piT/babillty p of winning n cents and 1-p of lieing $$9 and the alternatiw 

of net bettingo    If u(a) is the utility of n cents., then the utility of a bet 

which offers a probability p of winning s cante, and i*p of losing 5* is 

pu(a) • (1-p) u («5) 

gg 

1      **• 
** la It spears th*i.t thare Is no operational oearring fcr the nc*d«n of niBdUP* 

ferecee" in this is'terpretaikai of utility theory0   As ve .shall t»ee, &a M- 
pariaeiitsil meanings at both "preference'' and "indifference" as this QX£mxisssiic& 
is actually carried out are considerably different from th& interprets'*..oas 
given fop those terms in Sect* 2tt2= 1 

1 

c 

than or less than the utility of no charejo (i0e<. act betting) «   Fes? tis 

parposas of this eaqperibaentj the wuxto points of each person's ui.iiiV 

-ed-? "Wine flsd at aero cents ^i.,fto at their state at. the tisssi of the bat)« 

and the unit van chosen so t>iat a Izss of $& had a utility of •£«   'with 

these two stilnulativas9 each person's utility scale is fisa<J unlAToely* ami 

the utilities of ev^ry other gain or loss pan be laeasursu in terms: of the 
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c &zhl if i-hiKi la bald as indifferent to w*t batting,  uS»r* 

W» Lsvs ertKttawUy fixed the utility of 0£ at 0 and utility off losing &J 

AS -2 so the above equation reduces to 

fa(u) - (1-p) s 0, 

or 

u(n) *> l~r 

P 

Hosteller end iJogss's procedure was to as3%a utiXirdto operational 

sw-DilBg « ta the concepts of "praferenee'* «nd ''indifr3renc»B (which will be 

Ascribed boles}* than to dstcrssirK. ama points on tba curre off utility ya» 

ooc"oy9 using the fesMeilA gi^en above, ti«sn to drew in a rough curse fitting 

the points .slatted*    One* a «m-m <BS ds-mm j>. _*« possible to test the 

IsrL..''Aasfti-Qera«gs theory.,   bj  prs-as-sting tha nubja^ts with vjrious bsta*  suss* 

_hat mere eOBg3j.c-a.tcd th»« those which furnished tna data frca niuch iLss 

original curve was constructed., and noting whether their behavior in tbs s;w 

sitsetiene «o>-ifan«Bd to that predicted from the original curve o   Thus,) for 

a certaiu subject^ thsy night plot several poiats on his utility vss awney 

curve using ths above equation*   Then draw in s. rough curve of utility as 

she«ra in Figure 1?    Ones this is dons., ihy» 

25    T 

1 _-^ 
X* 

/ 

5 

-10 

j 

(o     lCi 

jr 

,_f. 
£U 

Figure 1» 
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if the Friadtssi* Savage hypothesis is correct^ it should ho possible to 

predict *ut tha eubieot should do in sll gaubling situations in which the 

aa?.oosi;« <x': nocey 5juvcl?ed fall idtMa the raoge plotted in the figure;, 

It should be noted^ of eouy»s? that -the i/aers fact that s ®,xg*m 

can be plotted using the f ^rsasla* 

u(u) 1«* 
nMca 

p 

(where p is -she probability at ^hieh t.;>e subieot is indifferent betaaec. 

betting with a probability p oC winning a ©sate sad X«p or lo£dx>a $£ sad 

cafe hotting) is not evidence teaming to confirm the theory.,    Obviously 

there will OK »« probability f«? \£i«h the subject i* inriiffaranfc in 

this situation;; and patting that into the above *©r&uias it is possible to 

calculate t»(n) in a teohanioal way<>   T» test 02 the tfc»©ry is whatus? or 

not the subject chooses altarna&Cvveo which maxiiiiss the espouse Tai-js of 

the utilities thus calculated*   Hosteller sad Nogee tried two such tests,* 

applyii^ the iai'oratrtf.cn plotted in the origSuo&l utility curve to is? t» 

predict oeHiavior iu new situations.?    Ths first test was to try to predict 

tlie behavior of subjects faced with "doublet" botaj that is3 opportotnities 

to nate a single bat cgairst two hands at the sar&a tin©*, t&are it is poesl«» 

ble to via eiti=rs one of ia*e eaioutnts of scgs&y* or- bath,, or lose $fa    This 

is a different type of situation fl?oa that- which provided ths data on yhiefa 

the ourro was based.., but if the theory is correct.* then the data contained 

in the plotted curve should pra&Lat *£;> dubject's bohavior in the nm situa- 

situation is repres*Yvt-3d forssany as foUowHo   Let p-   and p? b*2 the probcbil- 

itiesa <>f beating the first <«id second hands respectively (assess tlut lite 

first .baa? is higher than the second., hen-ce the prchabililsy of beatlag it 
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ifs saddle?; p. < •£.,) aaa that n, *ra n. ars tus ssotistii w be won by oeat» 

lug hatYia 1 acd 2 reapec-tiTO'ly*    The probabiiit? of beating: bofii the iiigfca* 

aod lewa? haada ana facing n, + a,, seats ie p,    tor, pr*ab-tXJi ty of beatxag 

the second hand barb not tha first hand aud >tLntang visiy ^ cants iis j^ •" P^> 

and the probability of net boating either an.'! losing JS# ifl l^p.n    Hftnc«r. the 

utility of the doublet bet 1st 

p1u(a1+ n2) * (p2~ p-Mog) + (l-p2)u{-£). 

u(n,+ o_),» u(n.) and u(-J>) &ra all plottsdl CB ~^>a utility curv«ff heixs ths 

utility of this bet eaa b<s calculated, end if the theory is correct^ the 

^object should take U»a bet If this utJlity is greater than 0; be indifferent 

if the utility equal- 0., and ;ej£s<; if the utility ±s .-.ess ihun 04 

A second tsst ox the thaeary is afforded by "p^,i:J^3d^^is2^.•lriSQn', 

situations*    The prir.cipj.c Idea i>? that tha m*j««t is forced to choose 

batuoen one of tso hcvurf.G and ac&ey bets io bet agsdnsi^   lifting the utility 

currsp  che utility of «aeh of the two bets offered by the «va3ar±naa<tttr 

ean bw calculated* an-- if the theory io correct.   J» subject >?hci>ld choose 

that bet vith the higjaost utilityo    To describe this situation f carnally ? 

suppose that tha fiivfc bet offered by the axpermantor ia an ss^usst n,  on & 

hand Which has probability p» of bel-rig be-aton* sad the ssconri bet is c, o» 

a hand 1*13.011 hug probability P2 of baing beaten.:.    If tha subject tote againetf 

either hand? ho mutt Kagsr 5#n asacs the utility of the first bet .'is 

and th* utility of the eeconl is 

! 

O 

^W»»^w«ai>wa)Kflm.lHm^<IK78S^»3B«B%=:f »*^ :^«--s^**555*«ii.wTSSWS »**•«• i-A^*^-v:.sv-^^rr-r.:3t^<r,/.:#W«iWsS»iiK5'v»i,'.. 
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*# A22  tb*ae ufti/tUt* ^.ra plotted on the curre alra&dy constructed mt> it is 

l>a9.a£bla to aaJLsalate ttm o*434.t4«» of these be-fcej, and Me whether ta* 

subject. de»;s In foot ohocae that with ths highest utilityo 

The actaal operational procedure for determining xim points en the 

B«rtgiri»lB utility curro (Figure I) was aa follows0   A long series of trials 

was ru.ii durir-c. til8 «ottr«a of vhc'eh each subject hail many cyportonitiaa of 

betting, at not uevrJj^ against each of the possible ntuids0 and each of a 

rajah?.;   of offers or those hands svsdf? by the espsrlnteiite?1^    Ttaais, ons .-sf the 

h&isds on which tha  jape rlnaater ssade bots w«^ f^eir l»«s and one lr, and among 

£hs aany bets offered 27 the axperiaanter on that hand vas 2$4S and during 

the course of the scubas thia pju-iieultajf ^hsnd",; sad the 2$$ bet by tfe» 

experintjinter were offered toauy tiiSSSa    At tho end of the series, the propor= 

tior. of ti*?e* that, is mibjeot acceptad a particular- offer en & partioular 

hand was calculated -or ea a. of the different off era on the baai* and was 

plotted as shijwu in Figure 2S    figure 2 shows the amounts offered on the 

hand on the hD^iaostsl axis,;  and tha percentage of times that offer waa 

accepted on the vertical ssi**    It vss ajq»sted that for a fised hand and 

subjects the higher tt'f offar 2nad«s the g5re«.tor the likelihood o£ acceptances 

100 |»— 
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and that a garni drtssa an» la Fig0 £ vou'ld h*"*1© appvcodnate'ly ths *5B 

sthape ehffic-b   This iBepeotatiuo. was proved correct :1B ©1.1. cs.*ws £«xoe33& f«« 

ODB a-c&gaat, »ho left the expsrimnt before its cesssletltta), aithtM^fe thara 

was ccnsidsriibla ysria'isn ija the steepness oar the slopes of the stops at 

these 33XTB8*    Thesv rarfN WASTS plotted Tea? eaah subject *id e&eh hawi-i and 

the point at which they crossed t&e !>05S level v.\a taken to be hht XWJSY effsr 

on the hand for v:hich. the subject *3?J? indifferent;?     For essssplas in th* 

hypothetical «urvo *,=s*»Ti la Fig, 2S the indifference offer is apprearijaausi^r 

370»   If the probability of beating ths hu**3 ie p# and the iadiffsrama 

offoi: 1^ rie then our faraaila allows ^s to calculate the utility at n it,eOJ 

ui^u;   ~     •—''•"••   ., 
O 

Thus., each graph 15*3 that of Fig* 2 for a given subject detern&aea oaa 

point on hie utility curve^ ami by plotting those points it Is psesilla 

t© eoaatSTBOt a cutve like that of Fig0 1* 

Once the "basic" utility of money Husrvee •srax'e slotted, iw sas 

possible to test tho Fr5.edaan«Savage theory by applying the utilities of 

the basic curves to new situationso    It ie obvious that ths th^«sy cassiiA 

be expected to be completely (successful in predicting the subject's ohciass 

because of ths fact that tha operational uteaaing given to "prefe£&ud*" i* 

that t*2=> given alternative is chosen more than £($ of Jbe timoo   But as long 

as it is possible for a subject *° 3hoc«e an alternative more then 50? of 

the ti<a©3 but not all the time;  then tr^rc saast be instances In vsich he 

lo Nets that issd^fSsj-cass Is mitred here as saeaning that each of ^he alter1" 
natives :le chosen $0% of the iiasj sirailsrly^ "prsforeacs" meiaca thai; ths 
preferred sitrtrsisti'* s is ehosC'Ei siore th&n ^Qp of the tuumSo   We aiiaH discuss 
this iut^g'yretabUju ia sactiua 4c3o 

2o l"he possibility i;hat tha subjects raight not knsr.- tite true probabilities 
of beating "the Taricoi? hands wa« ruled cut by pswidiag she srab-jecto *fitb 
lists giving the objective probabilities* 

•»»^«w8aw«*aa«»»»s^nHWW«a«ew«ss»»» swWBBSWaWB?.' 



*» chooses asi sltexnstiTa which h* de?*a not prefer,*   arrlfrb^rwKs thsae are 

instance* «tea tl*s fche<«y practileta he wi£l «hooj» one fclt«rnatiires tthe 
• 

preferred alternative),^ while he actwilly jxUk* & dLfftaront ©»<>   Tfc* 

fact that the subnet's "SK ctanrsa* aa illttstratact in Fi£o 2, hava a norm 
.;• 

VSrti€fi2. slaps 2*V:~ca 13*.* S^iSt-f-S'-dsatSJSe** **-; «'»<;> in uhiah the sv»b.teet 

either chooaKc to b»fc. although the exp>»2imB*mr% a of fey is lees loan 

the indifferenea offerp or chooses not to bwtP even though tha esperi" 

ment»r*s offer ia greater than iii* indiffws^iisw offer o   HostslXs* sail 

Page© 'saics a cctsparatiTO test of ?,hs Frigfo»«n-"SayaH6 tivsory by corspariiig 
1 

the oorsentapw of aucoeaaful predlctione freas it with the percentages at 

SMC2?£^fi2l Tsr*iction? fraii a tbaary ndxioh assuaes that the subjects aot 

so as to saxississ t£ja eapested VSITIB of noney incoa«»0    TOBI-V they fisd 
•*; 

xizzz %h& Fricdman«5avaj5»3 theory is jCuBw^t but rsst 3pscte;*Jl22!*2y «^£*c 

suecesnful Uan t'ae sipec-ted sassy h?potj»«.iao    Unfarfessstelys Mostellar 

and Nogea did not attempt to ccrrq>:ire tft© tftf±ediaan"S«vag» thecey with zap 

other theories^ er*e-   as we shall setss  sherw airs ra&ge&s *iby the signifi^ 

cance of their results is doubtful o 

The fact that Lao PrlejSnan»S«vaft."» "thecty turned «>ul to be mar* 

successful than the expected money hypauiBSi*') should not seem surprising 

if it i? recalled fehat bcth theories .'ire rary rmMSh ikVik* in ttest they cat 

both be interpreted as Bernoullian utility theories., and one (the Prledaan~ 

Sav«ge) detensdnaa the utility cf taonsy empirically, whereas the other 

sssuacs that the utility of nioaey curve la £ straight line,,    It is natural 

that predictions based on a curve «fcich is satiric-ally determined shaiLa 

be raor* sncoeseful than predictions baae»J on t*«5 a gricsri asstrsptim that 

f\ th# utility mrm is a straight line,. 

ri^^^i^5Si^^rssr?^^!s^P^aaB»flB 
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did not ftiUow thalr own convistloss la these setters is astcail plsy; 

Uo3    Probloas of Interpretation and Confiraatioas Ths Future of Bsraoulliaa 
utility Ag^jgz 

In a.r^r attempt at an empirical application CJ utility theory0    We he** 

all-LidBd tc thnse p:r«rri coaly in section l*'j, but ve aj«» in a better posi- 

tion to discuss tbam now idth a ev&srsts axssr.lc of ss aj*>li>3ation before 

i 
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i awsnm question which could bo asked is whothar the v-hcioa 

at the *£»ro p&at of tiw utility «,oale &» alTjeys being at the subject5s 

prasei?i state, ana sf t?.?J lose of 5$ aa always being a sswfi*j& of ona 

uvdt of utility is a correct interpretation*    This amounts i*? assuming 

thui ••aJ?At aassalns constant oro? tine <-«=» the -shakos in ntilitass due to 
i 

giTen AhMfgvscif laeeno   It would se«a that it could be equally veil 
i 

argued that the ul:iai.xa.es of varicius tatal cmsusts of morsy,, or it >saet 

of tstai amounts u? rxao&j on hand ara tihat i*aaain «onatfu3t,s sud that toe 

change in utility duo to a given change in inaciae (loss or gain of money) 

depends on "ihat the total aatuttis are bftfoi^a ar«d aftar the change© 
it * 

k second critiaisEij which MosteUer ar*d Nogao ccsssant on, is that it is 
i 

possible that she subjects did not play a«ab g.isbls separately "m*t sigh*. 

r«vi; pla^rc ss STBI ^--ail strategy trf/fch a viirrf, act to aaxiaiting their 

payoffs for each tingle g«afoi34 but c«ror « lor-g series of gambles..   It- 

can be shovm that ths beharicsr s*sieh iaas-iazisee the expected payoff of a. 

pasiiiula? gaafcla is not necessarily the sane as the behsvior best ©alcu~ 

Xa.ted to maxtsuisc &*•* total payoff due to a GC.TJSS of g«psbi«s cf which 

t'ae ess in qaeetion is a part*   Mostallsr acul «ogee nets that., though Ux= 
IS 

subjects seemed to be anare of long tens strategic eonsiderations e they 

! 

The Modtuler^Nosc? experiment brings up some problems inherent 
I 
I 

io As (wofflplii'l^d by the roles "do not play a long shot when short of funds"5 . 
which is justified by strategic cansidQratlcr.o5 but hag no justification if 
tht bet «r«ier consideration ia considsred in iaolatlwic i 
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I 

n»r.    The" first V.Hn* to be r-^it^c) jj, thai. Kvateller and Noges interpret 

"preference8' aari Hn3tf£wenfiaB betwseri tvo alternstiT&s in tesma of tfea 

relative frequencies with which one is chosen over the otbe>?<>    Thar© lfl 

nothing iroag with this i£tc?sprstation8 o.-xapt that the Silas* for 

'AwnouHiaa utilities wr© Justified on a different t«*i»0 .ad there is 

good reason to believe that at least cos sf thea - A*U - should not hold 

under t£» relative freqaemfy interpretaSiorio 

As t;» Ho9teller*Nog«a experiment shows*) even aside from the 

problems imnX^ed v6.Hi the relr.tive f requBUjy interpretation of preference, 

there rls anrrther fundanental difficulty Involved in using utility theory 

predio^i?s2y which dees act arise names' *1» 'Vafirrf.tion of rationality* 

interpretation,,    This is tiie difficulty of determining the individual's 

utility tJuy'S'So    if pseferwaewB LB twees two *£. terns. tiTcs is interpreted 

at. Mailing that ens is alwsys preferred to tha others then the indivicGwl's 

preference relati'jr. ran ba gradually constructed by observing hira in a 

variety <** choice situations.)    Even thar«; however^ it is not possible to 

cow tract the utility cur?e precisely from a finite maker of observations* 

arri, as a natter of facts it is not even possible t« locat« ar^r points on 

It prw? 9ely« nriiena :he subject has been obsexved in ritaatissss in which 

he Is Indifferent between csrtt&naltornativeso   As the reader will vecall, 

•in ordor to locate BOSS points on the subject's utility curves in the 

Mcsteller-Nogi« experiment,, it wpa necessary to use an approxiaation to 

iiiid v«sla«w of mojw^s iig i.'or uniash I'm: alternative or receiving n cents 

with probability p ;mri lossing 5# with probability l^p is held as indif«» 

.forest to not bettisigo    T)n>sjg at the prec-eist stags of tho theory- aven 

aasming that Bernwllian utility theory is Rcarjpsctn in atiy of its «Kqpir±=-- 

eal interpretations!., its predictive usefslsass is vary H?ich United by 

I 
1 

4 

I 
i 

I 
• 
i 

i 
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tiH» 3if£ie*«y.ty ©£ deteraiTjdng tJne utility fa*»%ica« of ths> peapia to vSisa 

i* -LB *e ba aseSiad^ 

i»bsa aa a dwacripti-n. the-*"* ssillity thaoKy* like dociatf.^o 

ttuKSlda in geEeral,! is a psychological iJseuaey,,   It i« iaitiBdi&tely eridssk 

that it caanct ba pj^dseOLy aarrect. bscaase of the fast that the assusp" 

tiocs flsnbodied in ••;)•» axioms aaiiuct bo prseisety satisfied   As a deacrip** 

tire theory., it suiTers f wan the further defect t&at in ©rear for it to 

ba applied, or tostedj it requires iita enpirical determination of the 

utility ftsasrtttaa, i&ieh does aot depend en only a small finit* rc^sor 

«£ parasites* as «o many other 'ineorieso   It would gs^a thst unless scss 

general p^rsh^egical less are discolored, i-alating to an iQriiTi<teal«s 

utility GUTrSSs utility thsciy -jdll nat fcs ussful in predicting ch«?i«e 

t>*hp:*i«3rs wen though it assy ba appraxiSRtaly oorreefco   Thasj the f stars 

s£ few^i-fTa utility as s descripiiva theoxy would appear to depend «o 

tso things » (l) iijfaether or not it i# nearly enough correct t« fcfljee it 

wrttauild to us© in p/adictivs sJ.toati.ons s ferid (2}3 sh&i-her other payc*io- 

Ic.'jical theories esn be f caioa £ SPOR \diioh utility enures can ba iufanted 

•sit* oat the necessity of subjecting individuals to test-- such aa mam 

used to dstenaiss the utility curves in tb© Hosteller* -Nogs*; eaperiaents 

.,—^——....«^_„.„.,..,—~,—— _.v.-_....  ._ „,., _-„^.,„--aM_^li;i..|[ll><1--    ^-|----..-..-..-,-,| •;:.!.;"UJIIIL.UJ
1
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